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Abstract 


Unlike some other gauge choices the Fock-Schwinger gauge condition 
x.A(x) = 0 uniquely fixes the gauge potentials in terms of the Maxwell fields 
through the so-called inversion formula. Thus the Fock-Schwinger gauge po¬ 
tentials in some simple configurations can be derived by making use of this 
formula and contrasted with the familiar Coulomb gauge potentials. Two 
important consequences are that Fock-Schwinger potentials of electrostatic 
systems are no longer static and (unlike the Lorentz gauge potentials) that 
Fock-Schwinger potentials corresponding to plane electromagnetic waves are 
not plane waves. 

To apply the Fock-Schwinger gauge to perturbation theory the gauge 
propagator is first derived by the use of two different gauge fixing to the La- 
grangian mechanism. The first one corresponds to adding a gauge fixing term 
while the second makes use of auxiliary or Lagrange multiplier fields. The 
auxiliary method leads to two components of the propagator: the physical 
and the unphysical. The physical component in the second method coincides 
with the propagator in the first one. Symmetry properties of the above prop¬ 
agators are also derived and provide considerable improvement of Kummer 
and Weiser’s analysis. 

The fact that the Fock-Schwinger gauge theory is a ghost-free theory 
enables one to derive the Slavnov-Taylor identities without using the language 
of BRST transformations. Nevertheless BRST identities are also obtained. 

The main focus and content of the thesis are perturbation calculations 
in the Fock-Schwinger gauge. The most important one-loop corrections in 
electrodynamics and chromodynamics have been computed and compared 
with the more standard translation-invariant gauge choices. The on-mass- 
shell equivalence of these calculations with more conventional gauge choices 
has been established in detail. 
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Chapter 1 


Introduction 


This chapter is intended as a literature review on the Fock-Schwinger gauge as 
well as to give a global perspective on how the chapters of the thesis relate to one 
other. 


1.1 Review on the Fock-Schwinger Gauge 

The less familiar gauge condition 

(x — so) • A(x ) = 0 (1.1) 

where so is a certain space time point, that without loss of generality may be set 
to zero, has various names: the Fock-Schwinger gauge [Nov 84, Ohr 85, Kum 86, 
Zuk 86, Sch 87, Kar 87, Mod 90], the Fock gauge [Ska 85], the Schwinger gauge [Nik 
82, Niko 82, Sch 89], the complete Lorentz covariant gauge [Cro 80, Men 84, Oka 
84], the coordinate gauge [Shi 80, Dur 82, Men 84, Mod 90], the fixed-point gauge 
[Dub 81], the Constrom-Dubovikov-Smilga (CDS) gauge [Ita 81, Men 84, Hau 84], the 
Poincare gauge [Bri 82, Ska 85, Gal 89, Gal 90], the homogenous gauge [Aza 81] and 
the multipolar gauge [Kob 82, Kob 83, Ell 90]*. This gauge condition is the subject 
of the thesis. 

*The noncovariant version of the gauge, namely r • -A(r) = 0, is sometimes called the radial gauge 
[Mod 90] since the radial component of the potential vanishes. 
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It is worth noting that the above mentioned gauge is only a special choice of a set 
of gauges [Jac 78, Men 84] 


f^A^x) = 0 ( 1 . 2 ) 

where 

/"(*) = a" + bx* + u^xy + e lx' i c v x v - cV; uT = -u utl (1.3) 
are conformal Killing vectors satisfying 

+ (1.4) 

Since the gauge condition (1.1) was originated a long time ago by V. A. Fock 
[Foe 37] and then rediscovered by J. Schwinger [Sch 70], the Fock-Schwinger gauge 
condition seems to be the best name for it and we will adopt it hereafter for x ■ A(x) = 
0. 

In spite of its relative unfamiliarity the Fock-Schwinger gauge choice has some 
interesting properties that sometimes make it attractive to field theorists. It is a ghost- 
free theory since, in this gauge, the Faddeev-Popov ghost action does not depend on 
the gauge fields and thus its effects can be absorbed into the normalization factor of 
the entire generating functional. As a result all Feynman diagrams involving ghost 
loops vanish. Some complications found in the axial-type gauges [Sch 89, Lei 84, 
Lei 87, Bas 89, Bass 89, Bas 90], which are also ghost-free, cause field theorists to 
look for other ghost-free gauges like the Fock-Schwinger gauge [Kum 86]. 

One of the most interesting points about the Fock-Schwinger gauge is that there 
is a unique relationship between the gauge potentials A^{x) and the field strength 
Fft „(«) [Hal 79, Men 84, Kum 86, Sch 87]*. Such a relation, the inversion formula 
[Ita 81, Gal 89], seems to be the most enticing feature in applications to problems in 
quantum field theory. For example, the formula allows formulations of gauge theory 
directly in terms of field strengths F tll/ (x) instead of gauge potentials A^(x) [Hal 79, 

’Notice that another gauge, the so-called fixed axial gauge [Hal 79], with its gauge conditions 
A 0 (t, * 0 i 2 / 0 i-zo) = Ai(t,x,y, z 0 ) = A 2 (t,xo,y,z 0 ) = A 3 (t,x,y,z) = 0 with x 0 ,yo,z 0 fixed, also has 
an inversion formula. However the inversion formula in the Fock-Schwinger gauge is simpler. 
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Ita 81, Dur 82, Men 84, Sch 87]. It can also be employed to obtain gluonic mean 
fields in Hartree approximation where the gluonic mean field is generally generated 
by vacuum expectation values of gluonic operators [Sch 87]. Coefficients of gluon 
operators in the operator product expansions (OPE) 

ni 2 (z, 0) = T : q(x)Tiq(x) :: g(0)r 2 ?(0) : (1.5) 

with Pi and T 2 are any two Dirac matrices (Pi,r 2 = 1 , 7 M and a tw for scalar, vector 
and tensor amplitudes respectively) and q(x) is a quark field may be calculated by 
utilizing the inversion formula as well [Hub 82]. In addition, for Ti = 7 M and T 2 = 7 ^, 
the OPE itself can be computed by making use of the complete quark propagator up 
to first order of the inversion formula showing that the resulting function is transverse 
[Nov 84]. 

Shifman utilizes the inversion formula to consider the behaviour of the Wilson 
loop average [Shi 80]. By rewriting the Wilson loop [Wil 69] as a power series of 
gauge field strengths the series may be grouped into two sets of terms. The first set 
consists of terms with no derivatives while terms in the second set contain derivatives 
of gauge field strengths. Analysis then shows that the first set depends only on the 
area of a contour of integration and (besides its dependence on the area) the second 
set also depends on the shape of the contour. 

Another example, duality transformations, that change a given (original) theory 
with the coupling constant g into a (dual) theory with (i) as its coupling constant and 
play an important role in discussing strong coupling theories [Sav 80, Ita 81], benefit 
from the inversion relation. After applying the inversion formula to pure Yang-Mills 
theories it is found that [Ita 81, Miz 82] the dual theory goes over the original theory in 
the weak coupling limit and vice versa in the strong coupling limit. In scalar quantum 
chromodynamics, Mizrachi has concluded that, apart from the usual Lagrangian 
in the generating functional for dual fields, there occur self interactions of gauge 
fields and extra antisymmetric tensor fields coupled to the dual gauge fields and 
scalar fields. Finally generalization of the inversion formula to supersymmetric 
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theories has been presented by Ohrndorf [Ohr 85]. Here he has shown that the gauge 
connection as well as the prepotential can be expressed in terms of the supersymmetric 
field strength. 

Although the Fock-Schwinger gauge has positive features there are disadvantages 
as well. The non-translational invariance [Nov 84, Kum 86, Sch 87, Sch 89] and the 
nonlocality of the inversion formula [Kum 86, Ell 90, Wit 62] are, perhaps, the main 
drawbacks, producing complexities in the Fock-Schwinger gauge propagator and, as 
a result, difficulties in perturbation theory calculations. Such difficulties were exhib¬ 
ited by Kummer and Weiser [Kum 86] on their work on one-loop graphs in spinor 
quantum electrodynamics. Despite the intricacies of the computations they found the 
interesting result that up to first order the scattering matrix in the Fock-Schwinger 
gauge is equivalent, on mass-shell, to that in the Feynman gauge. The main aim of 
the thesis is to widen the application of the perturbation methods to scalar electrody¬ 
namics and more significantly quantum chromodynamics, and specifically to calculate 
the significant one-loop graphs in those gauge theories. 


1.2 The Thesis 

The thesis consists of six chapters. The first chapter is given for introduction 
while the final chapter is devoted to conclusions. The remaining ones constitute the 
main body of the thesis. 

Inversion formulas are the main ingredient of Chapter 2. After a formal derivation 
of the formula and its necessary and sufficient conditions, we go to consider some 
simple classical systems. The Fock-Schwinger gauge potentials for these systems are 
then computed by making use of the formula. In addition, the scattering of quantized 
charged particles by the Fock-Schwinger gauge potential is calculated. 

In Chapter 3, the Fock-Schwinger gauge as well as the Lorentz and axial-type 
gauge propagators are derived by two methods or two different choices of gauge fixing 
Lagrangians. The first method is the familiar one of adding gauge fixing term while 
auxiliary or Lagrange multiplier fields are introduced in the second method. Their 
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symmetry properties are also obtained. 

Those propagators are then employed to derive the Ward-Takahashi and the BRST 
identities. Since the Fock-Schwinger gauge theory is a ghost-free theory the BRST 
identities are derived in two ways: with and without introducing ghost fields. These 
ideas are carried through in Chapter 4. 

The fifth chapter is the most substantial part of the thesis. Perturbation calcula¬ 
tions to one-loop order in quantum electrodynamics and quantum chromodynamics 
are presented and compared with more familiar translational-invariant gauge choices. 
It is then possible to prove the on-mass-shell equivalence of the two treatments. 

The general notations used throughout the thesis and various details of calcula¬ 
tions are contained in the Appendices. 
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Chapter 2 


Fock-Schwinger Gauge Potentials 


The main goals of this chapter are to derive the inversion formula and, by its use, 
to obtain the Fock-Schwinger potentials for some classical systems. As an illustration 
the scattering of quantized charged particles in a Fock-Schwinger (FS) potential will 
be derived and proved to be identical to the Coulomb scattering. 


2.1 Gauge Transformations 


Any theory of fundamental nature of matter must be consistent with quantum 
theory as well as relativity [Ryd 85]. Therefore we must frame the theory in its 
Lorentz covariant form. 

In electrodynamics, for example, it is necessary to reformulate the noncovariant 
form of the Maxwell equations into the covariant one by introducing field strength 
tensors F llu (x) and four-vector potentials 

F^{x) = d»A v (x) - d v A> 1 {x) 


0 

-E 1 

-E 2 

-E 3 

E 1 

0 

-B 3 

B 2 

E 2 

B 3 

0 

-B 1 

E 3 

-B 2 

B l 

0 


( 2 . 1 ) 
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The four three-vector Maxwell equations combine to 

= j"; 8 ^ = 0 (2.2) 

and are now covariant. Here = (p,j) and = |e / " /p ‘ T f r pcr . The Lagrangian of 
electromagnetic fields then reads 

c = —F^F^ (2.3) 

which is automatically covariant. Thus the Lorentz covariance of the theory is com¬ 
plete and explicit. 

One important consequence of introducing potentials A^x) is that if one trans¬ 
forms A^(x) into A'^x) according to 

K(x) = A,(x) - 3„A(x) (2.4) 

for some arbitrary function A(:r) the Lagrangian (2.3) remains unchanged. One then 
says that the theory of electromagnetism is invariant under the transformation (2.4) 
which is then called a gauge transformation. Hence the Maxwell theory is a gauge 
invariant theory. The name gauge field is ascribed to the potential A p (x) for historical 
reasons. 

In 1954 Yang and Mills [Yan 54, Mil 89] proposed a new theory for strong nuclear 
interactions, very similar to the electromagnetic theory. The difference between both 
theories is in respect of their gauge groups. This leads to somewhat different proper¬ 
ties of the gauge fields. The gauge fields in electromagnetism are Abelian while they 
are non-Abelian in Yang-Mills theory. 

The nonuniqueness of potentials due to the gauge invariance of the theory allows us 
to choose certain conditions which make the potential unique. These are often called 
the gauge fixing conditions or simply the gauge choices. Clever choices of gauge lead 
to interesting simplifications but can also destroy manifest covariance [Itz 80]. 

One of the most familiar gauges is the Lorentz gauge d^A^ = 0. Although it has 
some advantages such as relativistic invariance and uniform Feynman’s fe-prescription 
for the momentum space singularities of propagators [Lei 87] there are also disadvan¬ 
tages: ghost particles should arise in non-Abelian theories which considerably com¬ 
plicate perturbation calculations. It is also difficult to handle certain topical models 
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such as supersymmetric Yang-Mills and superstring theories in the Lorentz gauge 
[Lei 87]. Such complexities have led many theoretical physicists to examine other 
gauges like the axial-type gauges and the less familiar FS gauge. 

Some properties of the FS gauge 

x u A M (x) = 0 (2.5) 

have been mentioned in the Introduction. The relativistic covariance of the condition 
is obvious since the dot (scalar) product between two four-vectors, in this case, x M 
and A >i (x), is Lorentz invariant (see for example [Jac 75]). Further, the FS gauge 
theory is ghost-free and the proof of this will be given in chapter 4. The inversion 
formula will be derived after the next section. Our immediate task is to consider the 
attainability and completeness of the FS gauge. 


2.2 Attainability and Completeness of the Fock- 
Schwinger Gauge 


Consider the gauge transformations in non-Abelian theories, where U(x) refers to 
some internal group unitary change, 

A m —> a; = UA^U- 1 - l -{d^U)U-\ (2.6) 

Suppose that potential A^x) does not obey the gauge condition (2.5) but A'^(x) does 
satisfy it. Then one has 

-(x^Uia :)) = U{x)x> i A ll . (2.7) 

9 

Replacing x M —> ax^ where a (E [0,1] is a parameter, equation (2.7) reads 

x ll d^U(ax) = a—U(ax ) = —igU (ax)ax >l A^ax) (2.8) 

da 


or 


Hence 


—U(ax ) = —igU(ax)x^A fl (ax). 
da 


U(x ) = P exp ig J dax 11 A^ax ))] m 


(2.9) 

( 2 . 10 ) 
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P denotes path ordering in the variable a and £/(0) is an arbitrary initial value for 
U(x). Thus the gauge condition (2.5) is attainable [Cro 80, Zuk 86, Gal 89, Gal 90] 
which means that one can always find gauge potentials satisfying condition (2.5) by 
means of some appropriate U(x ) as given by (2.10). 

Let one now suppose that both A'Jjc) and A^(x) satisfy the FS gauge condition. 
Accordingly the right-hand side of equation (2.7) vanishes 

x^dpUix) = 0 . ( 2 . 11 ) 

Transforming x M —> ax^, equation (2.11) becomes 

x^dpU (ax) = 0. (2.12) 

Equations (2.11) and (2.12) allow us to conclude that 

U(x ) = U(ax ) = constant (2.13) 

i.e. U is a homogenous function of zeroth degree in x. Thus, apart from con¬ 
stant gauge transformations, the gauge condition (2.5) is a complete gauge condition 
[Cro 80, Zuk 86, Gal 89, Gal 90]. The homogeneity of U (of zeroth degree) is the rea¬ 
son, explaining why the gauge condition (2.5) is called the homogenous gauge choice 
[Aza 81]. Another name, the complete Lorentz-covariant gauge [Cro 80], refers to its 
properties: complete and Lorentz covariant. 


2.3 Inversion Formulae 

The inversion formula to which we have alluded is nothing but the expression of 
potentials A M (x) in terms of their field strengths F^x). It is called inversion since 
the familiar relationship between both is in the expression of field strengths F llu (x) 
in terms of (the derivative of) potentials A M (x) as is seen in (2.1); inversion is the 
converse. The derivation of the inversion formula in the FS gauge goes as follows. 
Consider the electromagnetic field strength (2.1). One then has 

x^F^x) = (1 + x^d^A^x) — d^A^x). (2-14) 
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Replacing x^ by ax* 1 where a 6 [0,1] is a parameter and then integrating over a from 
0 to 1, equation (2.14) becomes 


r i \ 1 

/ da ax^Fuviatx) = da (1 + xd)AJax) - d^ax^A^(ax) 

Jo Jo L a 


-j: 


da 


Hence 


— aA u (ax) - d u K(ax) 

da a 


r 1 rl (iQ 

An(x) — — da ax 1 'F„Jax) + / — d^Kiax) 
Jo Jo a 

where K(x) is a function of x defined by 


(2.15) 


(2.16) 


x^A^x) = K{x). 


(2.17) 


Equation (2.16) is the inversion formula in the inhomogenous FS gauge (2.17). Setting 
K(x) = 0 leads one to the inversion formula 

A^x) = — [ da ax"F^(ax). (2.18) 

Jo 

It turns out that the gauge potentials A^x) at a point x not only recieve contri¬ 
butions from the field strengths at point x but also by all those points ax along a 
straight line between point x and the origin. In this sense the gauge potentials A^x) 
are nonlocal [Ber 56, Wit 62, Ell 90]. It is worth mentioning that the inversion for¬ 
mula (2.18) may be derived by a simple geometrical argument [Dur 82] as well as by 
applying Poincare lemma* in a star shaped region in a modern differential geometry 
[Bri 82] (see Appendix D). From now on we only consider the homogenous FS gauge 
condition (2.5) and therefore the inversion formula (2.18). 

To ensure that A M (x) in (2.18) are really the electromagnetic potentials one should 
be able to derive the field strengths F^ from (2.18). Operating the curl on (2.18), 
one has 

d^A u {x) — 3„A m (x) = — / da a[d il x <3 F v p{ax) — d^F^ax^ (2.19) 

Jo 

= — f da a[2 F Vfl (ax) + x /3 d li F l/ p(ax) — x /3 d„F li p(ax)]. 

J 0 

*This is the reason why the gauge condition (2.5) is sometimes called the Poincare gauge [Bri 82, 
Ska 85, Gal 89, Gal 90]. 
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Now the first term on the right-hand side of (2.19) may be integrated by parts 

f 1 r 1 d 

—2 / da aF Ufi (ax) = a 2 F^JaxM 1 0 — / da a 2 - r -Fn y (ax) 

Jo Jo da 

= Fp^x) — f da ax l3 dpF lty (ax). (2.20) 

Jo 

Putting (2.20) into (2.19), equation (2.19) yields 

d^A^x) - dvA^x) = F^(x) - J da a 2 x 0 [d' 0 F^(ax) + d'^F^ax) + & v Fp il {ax)} 

( 2 . 21 ) 

where d j) = i d One now notices that A^{x) in (2.18) will represent the electro¬ 
magnetic potentials with F fll/ (x) as their field strength tensors provided that the last 
term of equation (2.21) vanishes, 

dpF^x) + df.F^x) + d^Fp^x) = 0 . ( 2 . 22 ) 

But these are nothing but the homogenous Maxwell equations (2.2b) or the Bianchi 
identities in Abelian theories. Hence the Bianchi identities (2.22) are the necessary 
and sufficient conditions for the inversion formula (2.18) to be relations between field 
potentials A^(x) and their field strengths F^x) [Dur 82]. 

The inversion formula (2.18) also holds for non-Abelian theories 

F liu (x) = d^A^x ) - d v A„{x) - iglA^x), A y (x)] (2.23) 

because if one multiplies x 11 and F liy (x) in (2.23) the commutator terms vanish and 
equation (2.14) remains unchanged due to gauge condition (2.5). However the iden¬ 
tities (2.22) are not correct in non-Abelian theories. To obtain the right constraints 
let us go back to equation (2.21) but with F yy (x) defined in (2.23). It turns out that 
the second term in the right-hand side of equation (2.21) does not vanish because the 
left-hand side of equation (2.21) is not equal to F yl/ (x) anymore. If one adds to both 
sides of (2.21) the identity (remember x ■ A(x) = 0) 
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(2.24) 


ig f da aV{[A«(ai), F u p(ax)] + [A^ax), Fp^ax)]} 

Jo 

= ig da o?x^—{[AJax^^d^Ap^ax)] — [A, l {ax),dpA l/ {ax)\ 

Jo a 

-\-[A v (ax),dpA tl (ax)\ - [A u (ax),d fl Ap(ax)]} 

f 1 d 

= ig da a{—2[AJax), AJax)\ — a-r-fA^az), A u (ax)]} 

Jo da 

f 1 d 

= —ig / da—a 2 [Au,(ax),AJax)\ 

Jo da 

— ig[A^x^ A„(;r)] 


one arrives at 

dpA v (x) - d„A ti (x) - iglA^x), A„(x)\ 

= F^x) — fo da a 2 x /3 [DpF^ l/ (ax) + D ll F v p{ax) + D u Fp^(ax)] 

where 

DpFfui — dpFp,, ig[Ap, F^]. 

Equation (2.25) allows us to conclude that the Bianchi identities 

DpF^x) + D^F^x) + D v Fp^{x) = 0 (2.27) 

are the necessary and sufficient conditions for the inversion formula (2.18) to succeed 
in non-Abelian theories [Cro 80, Dur 82]. Notice that equation (2.18) is actually the 
general solutions of equations (2.1) and (2.23) without fixing the gauge (thus they 
hold for all gauges in the vicinity of the origin) [Itz 80]. This is obvious since around 
the origin, x^ « 0, the last term on the right-hand side of equation (2.14) and the 
commutator term which appears in non-Abelian theories may be neglected. 

One important point that should be mentioned is that for Abelian theories the 
inversion formula in (2.18) is only a special case of the more general relations discov¬ 
ered by Cornish [Cor 84], namely that the potential can be expressed in terms of the 
field strength via 

r i ft qh ft Qv 

A a (x) = J q dXF^S) dx dxa , (2.28) 


(2.25) 

(2.26) 
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where S = S(\,x) is a two dimensional surface with parameter A € [0,1]. The proof 
is as follows. Consider a one parameter closed path in space time 


x a = w a (l/) < V < V? 

w a (vi) = w a (v 2 ) 

with is continuous. Let also define a two dimensional surface S 
x a = S a ( A, w(v)) v\ < v < i/ 2 ; 0 < A < 1 

which is differentiable and satisfies boundary conditions 

S"(0, w a (v)) = 0; S a (l, w(v)) = w a (v). 


(2.29) 


(2.30) 


(2.31) 


Now one obtains the following integral over S 


L F ’° in ” = 

= (2.32) 


on the other hand 


J s F pa dn p<7 = j s {d p A„ - d„A p )d,n p ° 

= 2 J s d p A„<m p,r =2 J AJw u = 2 J* A a ^--dv (2.33) 

according to Stokes’ theorem. By equating (2.32) and (2.33) one finally arrives at 
equation (2.28) above. Notice that formula (2.28) was derived by choosing a surface 
which belongs to a class of surfaces satisfying boundary conditions (2.31). Since 
the number of such surfaces is infinite there are still many degrees of freedom. One 
therefore can say that choosing a certain surface S is equivalent to choosing a certain 
gauge. By setting S a = Ax“, for example, equations (2.28) lead to the FS gauge 
potentials (2.18)*. However not all familiar gauges, such as the Lorentz gauge, belongs 
to class of gauges (2.28) [Cor 84]. Note too that the Bianchi identities (2.22) act 
as conditions for relations (2.28) (see Appendix D). A formula similar to (2.28), 

^The noncovariant version of the FS gauge r ■ A(r,t) = 0 is equivalent to the choice of S' = \x' 
and 5° = x°. 
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differing only in boundary conditions, was proposed for the first time by De Witt 
[Wit 62, Aha 62, Man 62] when he formulated quantum theories without potentials. 
This formula may be derived from choosing the gauge parameter [Ell 90, Wit 62, 
Aha 62, Hea 79, Bel 62, Roh 65] 

rP{x) /■! Bz ** 

A(x) = - / A„(z)dz^ = / A M (z(A,x))-^r-dA. (2.34) 

Jp 0 JO OA 

The inversion formula (2.18) can be written in the form of infinite series by Taylor- 
expanding the field strength F^ax) around the origin. We have 

A^x) = — f da ax v F^ v {ax) (2.35) 


t 


= -E 


-x v x a 'x a2 


^ 0 n '( n + 2 ) 

Because of the condition (2.5) the identity (see 


■x an d ai d a2 ---d an F^( 0) 
Appendix D) 


x ai x a2 ■ ■ ■ x an d ai d a2 • • ■ d an F lil/ ( 0) = x ai x a2 ■ • • x an D ax D a2 ■ ■ ■ T> a „F^(0) (2.36) 


holds, and we then come to [Shi 80, Hub 82, Nov 84, Zuk 86] 

CO 1 

Ap{x) = ~E ,/ , o . x‘'x°‘ 1 x a2 --.x a ''D ai D a2 ---D an F lll/ (0) 

n=0 n! ( n + 2 ) 

= ^"^(0) + \x v x a D a F vtl { 0) + \x v x a x p D a D p F vll { 0) + • • • (2.37) 

z o o 

i.e., the gauge condition (2.5) enables one to replace ordinary derivatives in (2.35) 
by their covariant ones. The elegant appearance of this series has attracted many 
theoretical physicists to take advantage of them, even though only the first few terms 
are usually taken. 

There is no doubt that the Coulomb and Lorentz gauges are the most well known 
gauges as one can see that almost all texts on electrodynamics are written in terms 
of those gauge choices. The reason is that at the classical level, for example, both 
gauges play an important role in simplifying some problems. It is therefore of some 
interest to calculate the FS gauge potentials fixed by the FS gauge condition for 
some simple classical systems and then compare them with the familiar ones, the 
Coulomb/Lorentz potentials. The following section is devoted to this. 

*The name multipolar gauge [Kob 82, Kob 83, Ell 90] is also given to the gauge (2.5) because 
the expression (2.35) looks like a multipole expansion. 
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2.4 Fock-Schwinger Potentials in Simple Classi¬ 


cal Systems 

2.4.1 General Formulae 

In this section we will exploit the inversion formula (2.18) to obtain the FS gauge 
potentials for some classical systems. According to formula (2.18) the FS scalar 
potential is 

Ao(z) = — f da ax v F 0 „(ax) = — f da ar • E(ax) (2.38) 

Jo Jo 

and the FS vector potential is 

A'(x) = — f da ax u F lu (ax) = — / da a[xoE'(ax) + e^ k XjBk(ax)] (2.39) 
Jo Jo 

or 

A(x) = — / da a[xoE(ax) + r x B(ax)]. (2.40) 

Jo 

It turns out that the vector potential A(x) does not depend purely on the magnetic 
field B(x) but also is dependent on the electric field E(x). This additional term is 
the major difference between the vector potential in the FS gauge and that in the 
Coulomb gauge. Both formulas (2.38) and (2.40) are quite general and will be applied 
to some classical charge/current configurations. 

2.4.2 Electrostatics 

Here the electric field is E(r ), independent of time, and the magnetic field B{f) 
vanishes. The FS potentials of electrostatic systems reduce to 

Ao{r) — — / da ar - E(ar) (2.41) 

Jo 

A(x 0 ,r) = — daax 0 E(ar). (2.42) 

Jo 

It is clear that, because of its dependence on the electric field, the vector potential 
A(x) is no longer zero. Another important fact is that it is proportional to time Xq. 
Thus, in FS terms electrostatic systems are not static, they depend on time! 
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Let us now relate the FS and the Coulomb potentials. As is well known, the 
Coulomb potential V(f) is defined by 

E(r) = -W (ff). (2.43) 

The corresponding Fock-Schwinger potentials become 

Ao(r) = [ da ar • — V(ar) = V(r) + Vi(r) (2.44) 

Jo a 

with Vi(r) = — /q da V(ar), and 

A(x 0 ,r) = x Q [ da a—W(ar) =—x 0 Wdf). (2.45) 

Jo a 

Thus the FS scalar potential differs from the Coulomb potential by Vi(ff) which ex¬ 
plains how the nonvanishing FS vector potential (2.45) comes about. 


a) n point charges 

—* 

The electric field E(r ) measured at the point ff, due to n point charges q s at r s 
where s runs from 1 to n is defined as 


E(r) = — | ^ |3 (r-K) 

4ttc 0 fr'o |r -r s \ 3 


and the corresponding Coulomb potential reads 


1 " 


V (rl = T- £ 




^tofri |r-r s | 
Hence, the FS gauge potentials are 


+ constant. 


1 n 

o( r 1 = 


A, 


A(x 0 , r) = 


<ls 


47re 0 |ff — ff s | 47re, 


-tf 

re 0 J o 


da-: 


\ar — r. 


n .1 


Xo f 

47re 0 Zl A 


daV - —r~ 


ar — r s 


(2.46) 


(2.47) 


(2.48) 

(2.49) 


b) Electric dipole 

This is nothing but two point charges q and — q infinitesimally separated: 


V(r) = 


47re 0 


1 


' —r' — l\ |ff 


q (r-r’)-l 
47re 0 Iff — r'| 3 


(2.50) 


19 



Here the charges q and — q are at the points r' + l and r' respectively and |/| <C |r — r'|. 
The FS gauge potentials (2.44) and (2.45) read 


Ao(r ) 

—4 

A(x 0 , r) 


q (f-r')-T q f 1 (ar — r') • l 
4xeo |r — r'| 3 Attcq J 0 jar —r'| 3 

/' daV (cr-r'h f 

47 r €q J 0 | ar — r* \ 


(2.51) 

(2.52) 


c) Infinite line charge along z-axis 

The electric field in this case is defined by 


- A r b dz' 

E(r)= lim - / -=r-(r-r') 

a,b— *oo AtTCq J—a |r — rfi 3 


a,b-*oo AtTCo 

where A is a charge density chosen to be constant. After integration over 

A xT+yj 


E(?) = 


27re 0 x 2 + y 2 


(2.53) 
z' one has 

(2.54) 


and accordingly 

V{r) =-ln(a; 2 + y 2 ) + constant. (2.55) 

47re 0 

The FS gauge potentials are 

A 0 (r) = - —— ln(® 2 + y 2 ) + f da In (a 2 x 2 + a 2 y 2 ) = , (2.56) 

47 re 0 47 re 0 Jo 27re 0 

a constant, and 


A(io, r) = — 7 —^- / daVln(a 2 a ; 2 + a 2 x 2 ) = 
4x^0 Jo 


(2.57) 

47re 0 x{ + x{ ' 


d) Charged ring (with z-axis as its symmetry axis) 

In this case the Coulomb gauge scalar potential is given by 


Since 


v(F> = ^f\^rfT\ +ccmstant - (2 - 58) 

dl\ = ad<f>i 

(r — r"i) = (s — a cos + (y — a sin + zk, 
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a being the radius of the ring, one has 


V(f) = 


a\ 


+ constant 


for r a 


(2.59) 


2eo y/r 2 a 2 

and therefore 

f 1 a\ , 2r, 

a-ta-) (2.60) 

£ o Jo [ar+a)2 

(2.61) 


aA f 

1 

1 

2eo 1 

Vr 2 + a 2 Jo Wa* 

r 2 + a 2 

qXxq 

f 1 J „. V7 ^ _ 

qXxq 

2e 0 

Jo yj a 2 r 2 + a 2 

2e 0 

a\xo 
2 r 3 e 0 

2 r 

r (1 — In —) for 

a 

r > a 


2.4.3 Magnetostatics 

Since in magnetostatic systems the magnetic field B{f) is independent of time and 
the electrostatic field vanishes, the FS potentials (2.38) and (2.40) reduce to 

Ao(xo,r) = 0 (2.62) 

A{r) = - T daafx B(af). (2.63) 

Jo 

Thus whereas in electrostatic systems both the FS scalar potential and the FS vector 
potential have different value from those in the Coulomb gauge, in systems of mag¬ 
netostatics only the vector potentials in both gauges are different. It is worth noting 
that unlike electrostatics, the FS potentials in the magnetostatic systems are indeed 
static. 

In order to obtain the difference between the Coulomb gauge and the FS gauge 
potentials let us define a vector potential A^(r) satisfying 

B{f) = V x A f (r). (2.64) 

The superscript / is to remind one that there is an infinite number of vectors satisfying 
equation (2.64). Those vectors may be written as 

A f {r) = A c (r) + V/(f) (2.65) 
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where the arbitrariness resides in the function f(r). The superscript c in the first term 
on the right-hand side of (2.65) will be associated with the Coulomb gauge condition 
later, but now, it is just to distinguish the potential A s (f) on the left-hand side of 
(2.65). Substituting (2.64) and (2.65) into (2.63) one obtains 

A(r) = — f daaf x [iv x A c (ar )] = A c (r) — f daV[r • A c (ar)]. (2.66) 
Jo a Jo 

In (2.66) A(r) is the FS gauge vector potential and A c {r) is a vector potential which 
has not been gauge-fixed yet. Therefore if one is restricted to a certain gauge condition 

—4 

on A c (r ), equation (2.66) describes the relationship between the FS gauge vector 
potential and other-gauge vector potential. If one takes the “’other-gauge” as the FS 

—4 —4 

gauge, the second term on the right-hand side of (2.66) vanishes and A(r) = A c (f) as 
expected. 

Let one now choose A c (r) as a vector potential in the Coulomb gauge and then 
calculate the FS gauge vector potential for some simple systems. 


a) Infinite steady current 


The magnetic field at point r due to a flow of steady current / along the z-axis is 
given by 




Vol f°° , ,i X (r - r') _ y 0 I -zf+yk 

X ' — r*'| 3 " 2 tt y 2 + z2 ’ 


(2.67) 


The corresponding Coulomb gauge vector potential is 
A c {r) = - i* ln(?/ 2 + z 2 ) + V/(x, y, z); 

and the FS gauge vector potential is 


1 * 1 - 


V 2 /(r) = 0 (2.68) 


A(r) = ln(y 2 + z 2 ) + V f{f) + [ da x ln[a 2 (y 2 + z 2 )] 

47r 47r Jo 


-V [' da f- —V/(ar) 
Jo a 

floI -t + [xB z j- xB y k ]. 


2 7T 


(2.69) 


It should be noted here that the FS gauge vector potential (2.69) is free of the 
gauge parameter f(r), whereas the Coulomb potential (2.68) is not. Another obser¬ 
vation is that the FS vector potential is perpendicular to the magnetic field. Unless 
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one chooses / = /(r) rather than / = /(r), the Coulomb gauge vector potential and 
its associated magnetic field are not perpendicular. 


b) Steady current ring 

The vector potential of a system of a closed steady current / in the Coulomb 
gauge is of the form 

__ p* 1 1 d ~i' 


■(f) = £!2£i_£!L. 

47r J \r — r'\ 


It is a solution of 


V(V • A’) - V 2 A‘ = -V 2 A c = M 

with jdV —> Idr. For a system of a current ring of radius r', 

dl' = r'd<f >'(—rsin <f> + jcos <j>') 
the Coulomb vector potential (2.70) reads 

[ d<f>'(—ism (f> + j cos (j)') sin fc 4> cos n ~ k <f >'. 
Jo 


For r' < r, it becomes 


7-rr-j^m(-y 7 + x J) 


4 ( r 2 + r «)3/2 

and its corresponding FS gauge vector potential is 


A(r) = A c (r) — Vr • f da A c (ar ) = A c (r); r r / . 

JO 


(2.70) 


(2.71) 


(2.72) 


(2.73) 


(2.74) 


Thus the FS gauge potential and the Coulomb gauge potential are equal in the far 
region. Of course the Coulomb and the FS gauge conditions hold asymptotically, 


V • A(f) = r • A{f) = 0. 


(2.75) 
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2.4.4 Constant Electromagnetic Fields 

In this system the electric and magnetic fields are constant 

E(x ) = E = constant ; E(x) = B = constant. (2.76) 

So the FS potentials, according to (2.38) and (2.40), are 

>l 0 (r) = - [' daa r ■ E =-\r ■ E (2.77) 

Jo 2 

- r 1 - 1 

A(xo,r) = — daa [xqE + r x B] = — ~(x 0 E + r x B). (2.78) 

Jo 2 

Thus the scalar potentials in the FS gauge and the Coulomb gauge only differ by 
a scale; the Coulomb scalar potential is twice the FS scalar potential. The vector 
potentials, on the other hand, are different because of the extra term — ^xqE. 


2.4.5 Plane Electromagnetic Waves 

The plane electromagnetic fields have the forms 

E(f, t) = E 0 e^ lf - Wt ^ = E 0 e~ ikx -, B(r , t) = B 0 e~ ,kx 

—* 

where Eq and Bq are constant, and 
-* —* 
k x E 0 


B 0 = 


k Q 


Eq • k = Bq • k = Eq ■ Bo = 0; k 2 = 0. 


According to general formulae (2.38) and (2.40), the FS potentials are 


A)(z) = —rEof 

Jo 


T • Eq. 


daa e~ iakx = ^[1 - (1 + ikx)e~ ikx ) 

l KX J 


= f-E Q e~ ikx Yl 


(ikx) n 


„ (« + 2)! 

n=0 x 

A(x) = ( x 0 Eq + fx B 0 ) ^ - [l - (1 + ikx)e~ x 


= (x 0 E 0 + rxBo)e- ikx J2 


(ikx) n 


(2.79) 


(2.80) 


(2.81) 


(2.82) 


(n + 2)1 

Equations (2.81) and (2.82), describing the FS potentials in a system of plane 
waves (2.79), are no longer plane waves! Note that the zero order of equations (2.81) 
and (2.82) have a similar form to equations (2.77) and (2.78), the FS potentials in a 
system of constant electromagnetic fields. 
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2.5 Potential Scattering of Charged Particles 


We have calculated the FS gauge potentials for some classical electromagnetic 
systems. It was found that, in general, the FS gauge potentials and the Coulomb 
gauge potentials differ. Since both kind of potentials were derived from the same 
physical quantities, the electric and magnetic fields, the difference in their values 
cannot produce any physical effects. This also holds for quantum systems. The 
scattering of charged particles due to either the FS gauge potentials or the Coulomb 
gauge potentials must produce the same result. This last section will be used to 
derive the differential cross section of charged particles scattered by the FS gauge 
potentials. 

Consider the transition amplitude [Itz 80] between the initial state 

oc vS a \pi)e~' p,x (2.83) 

and the final state 

oc vS a \pf)e~' PjX (2.84) 

of an electron scattered by the FS gauge potentials (2.48) and (2.49) with K = 

s = 1 and q s = q 

Sfi = —ie J d 4 xv^°‘\pf)^ ll A ,J '(x)e t ^ Pf ~ p, ^ x u^(pi) 

= S fi (Coul) + ieK [ d 4 xu^{p f ) 7 ° /' d\ -l^e , '< p '-*>*uW(p i )(2.85) 

J Jo |Ar —r'j 

-ieK [ d 4 xu^\p f )x 0l i d i [ 1 d\ - l —^-e i{ - p ’~ p '> x u l3 (p i ) 

J Jo |Ar —r'| 

where Sji(Coul ) is the transition amplitude of the electron due to the Coulomb po¬ 
tential V(r) = with A(r) = 0. Integration over #o in the last two terms on the 
right-hand side of equation (2.85) can be easily done. One obtains 


25 



2 —»(P/-PiK 
| A r — r'\ 


2nieK ^u^ a \pf)'y 0 u^\pi)S(Ef — E,) J dX J d 3 

- rf a) (pf)Yu i0) ( Pl ) i d ^ -- g ^8( E s - £,•)] i(Pf~Pi)iJ Q dX J 

= 2*ieK{rt a \p s ) 1 o u (0 Xp i )6(E f -Ei) 

(a) (pih°(Ef - E ^ m ^ Q(Er^ m ~ Jo dX J 63 


+ 


where the mass-shell condition 


jAF-r'l J 
( 2 . 86 ) 
e -i(p f -p,)-r 

|Ar — r' 


u {a) (p s ) (jfj- fa) u^\pi) = 0 


(2.87) 


has been used. It turns out that equation (2.86) vanishes since it is proportional to 

6(E) + E-^S(E) =-^E6(E - 0) = 0 (2.88) 

with E = Ej — Ei. Hence, the only non-zero term of equation (2.85) is S/ t (Coul ): 

S fi = Sji(Coul) (2.89) 


i.e., the transition amplitude of an electron scattered by the FS gauge potentials is 
equal to that by the Coulomb gauge potentials and likewise for differential cross- 
sections. 


To summarize we have calculated potentials for some classical systems which obey 
the FS gauge condition. Even though they differ from the Coulomb/Lorentz gauge 
potentials the physical content is the same and this has been verified in scattering of 
quantized charged particles. The remaining chapters will be devoted to higher order 
corrections in the relativistic quantum theory. Here quantities such as propagators 
play a crucial role and hence the next chapter concentrates on the FS propagators. 
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Chapter 3 


Fock-Schwinger Gauge 
Propagators 


In this chapter the Lorentz, axial and FS gauge propagators will be derived in 
coordinate space by the use of two different gauge-fixing of Lagrangians CgF X = 
-■^(G-A) 2 and £qf 2 = CG-A+^C 2 where C(x) is an auxiliary or Lagrange multiplier 
field. The undoubtedly popular gauges, Lorentz and axial-type, are incorporated here 
in order to check the calculations. The FS gauge propagator will also be presented in 
momentum space and various symmetry properties will be derived. The first section 
is devoted to a brief review of generating functionals in order to introduce the basic 
theoretical idea which underlies the derivations. This review is based on Bailin and 
Love [Bai 86], Ryder [Ryd 85], Burden [Bur 90] and Nash [Nas 78]. 


3.1 Review on Generating Functionals 

The transition amplitude of a (non-relativistic) quantum system in which its state 
are | q',t' > and [ q",t" > at time f and t" > t' respectively is defined by 

< q",t"\q',t' >=< q"\exp[-iH(t“ - t')]\q' > . (3.1) 

Here \q > is an eigenstate of position operator Q with its eigenvalue q in the Schro 
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dinger picture 

Q\q >= q\q > . (3.2) 

A 

The Hamiltonian operator H is time independent. By dividing the time interval t"—t' 
into (N + 1) interval of equal length e and putting e —> 0 (or N —> oo) one may write 

N r 

< >= lim TT / dqj < q“,t"\q N ,t N >< q N ,t N \q N . i,tjv-i > 

N-+ oo . , J 
J=1 

• • • < qi,ti\q',t' > . (3.3) 

According to equation (3.1), and when the Hamiltonian operator H has the form 
H(Q , P) = + V(Q ), one has, after some algebra, 


< 


9j+ 1 , *j+i ki, >= exp {* //," dt \p 3 q 3 - H(qj,pj )\} 


(3.4) 


oc exp {*7/," dt L(q 3 ,q 3 )} 

for every j = 1,2, • • • ,7V. Hence, by putting g 0 = and gjv+i = <?", inserting (3.4) 
into (3.3) leads to 

< q",t"\q',t' > oc JVqexp^iJ^ dtX(< 7 ,<?)j (3.5) 

where the integration is over all functions q(t) with boundary conditions q(t) = q' 
and q(t") = q". 

In the presence of an external source j(<), the transition amplitude (3.5) becomes 

< <l", t"\q' t t' > 3 oc J Vq exp j* jf dt [ L(q , q) + j(t)q] J . (3.6) 

Now if the source j(t) is non-zero only in the interval t" > t a > t > tb > t' the 
left-hand side of (3.6) can be written as 

< t"\q\t' > J = Y,n,m Sdq a dq h < q",t"\n >< n\q a ,t a >< q a ,t a \q b ,t b > j 

< q b ,t b \m >< m\q',t' > 

= / dq a dq b ip 0 (q",t")ipo(q a ,t a ) < q a ,t a \q b ,t b > J ^o{q b , t b )^(q\t') 

(3.7) 

where |n > are the energy eigenstates 


H\n >= E n \n >, 


E n > E 0 


(3.8) 
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and 

t/> n (< 7 , t) =< q,t\n >= e~ ,Ent < q\n > . (3.9) 

It turns out that in the limit it" —> oo and it' —► —oo, < q", t"\q', t' > J is dominated 
by contribution from the vacuum |0 >. Let one now define a functional Z[j] as follows 

Z[j] = J dq a dq b i/;o(q a ,t a ) < q a ,t a \q b ,t b > J ip 0 (q b ,t b ) 

oc < q",t"\q',t' > J . (3.10) 

Thus Z[j ] is nothing but the vacuum expectation value of the transition amplitude 
which can be taken in the limit where t a and — t b (hence t' and — t") —> oo. By 
recalling (3.6), functional differentiation of (3.10) with respect to j(t) n times leads 
to 

= i n f dq a dq b ^o(q a ,t a ) 

< q a ,ta\T[Q(ti)Q(t 2 ) ■ • ■ Q(t n )]\q b ,t b > tj)Q(q b ,t b ) 

= i n <0\T[Q(t 1 )Q{t 2 )---Q(t n )}\0> . 

(3.11) 

This means that the vacuum expectation value of the time ordered product of any 
number of operators Q{t ) can be obtained by functional differentiating the vacuum 
to vacuum amplitude Z[j]. Thus if Z[j] is known the vacuum expectation value of 
the time ordered product of operators Q(t) may be obtained. This is why Z[j] is 
called the generating functional. 

The transition from the non-relativistic to the relativistic quantum theory is done 
just by replacing q(t) —> <l>(t,x) = cf>(x) and Q(t) —> Q(x). Therefore, e.g. in a 
quantum field theory of scalar fields, 

Z[j] = J V<j> exp J dx [£(<!>, dn<f>) + j<f >\| (3.12) 

Sj(h)8j{t 2 )- ] -Sj(t n ) =lH< °l T [Q(ti)Q(t 2 ) • ■ • Q(tn)]\0 > ■ (3.13) 

To normalise the generating functional (3.12) the condition Z[0] = 1 is added. The 
Lagrangian density £ is defined from expression L = f d 3 xC. Now the Taylor series 



32 



of the generating functional Z[j] is given by 


oo ■n . 

Z[j] = J2— dx x dx 2 - ■ ■ dx n j(x l )j(x 2 ) • • • j(x n )T(x 1 ,x 2 ,- • • ,x„) (3.14) 

n=0 n! J 


where 


■(* 1 , * 2 , •••,*«) = 


6 n Z[0] 


i n 8j(h)8j(t 2 )---8j(t n ) 

= <0\T[Q(t 1 )Q(t 2 )---Q(t n )]\0> 


(3.15) 


is called the ra-point (Green’s) function. Another Green’s function which is called the 
connected Green’s function is defined by 

<5"W[0] 


Tc(xi, X 2 , ' ' ' , 2-n) — 


i n 8j(ti)8j(t 2 ) ■ • • 8j{t n ) ’ 


Graphically, 


(3.16) 


(s-l, ? 3-n) — 3Cj[_ 


with 



W[i] = -lnZL/]. 

The relationship between the two above Green’s functions is given by 


(3.17) 


(3.18) 


t(x i,x 2 ,---,x n ) = Tc(x 1 ,X 2 ,--- ,x n ) + disc. 


(3.19) 


Here disc, stands for disconnected diagrams, i.e., the sum over all possible partition 

rc(x i, x 2 , ■ ■ ■, x n ) : rcix-i, x 2 )t c (x 3 , • • • , x n ), t c {x 1 ,x 2 , x 3 )t c (x 4 , • • • , x n ),etc. 

2 

Since only the Hamiltonian of the type H — ^ + V(q) has been used in the 
derivation the (free field) Lagrangian £(<^, d^) (with V = 0) corresponds to the 
bilinear 

£ = \J d y<t>{x)&-'{x,y)4>(y) (3.20) 

where A ~ l (x,y) is a differential operator. Thus, after some algebra, equation (3.20) 
brings equation (3.12) into the form 

Z[j] = expj-^ J dxdy j(x)A(x,y)j(y)' l j (3.21) 
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upon using the relation 


4 >( x ) = - J &( x ,y)j(y)dy. (3.22) 

The two point function is simply 

r(x i, x 2 ) =< 0|T[<^(rri)^(a;2)]]0 >= *A(xi, x 2 ). (3.23) 

Similarly, for vector fields A“(x), in which (3.12) becomes 

Z\j] = JvA exp [ijdx [£„(a;, B,AD + r“A ‘]} (3.24) 

one has 

•<%(*,») =< 0|r[A;w At (»)] |0 > (3.25) 

and 

A‘„(x) = -J iyGl t(*, y)j l “(y). (3.26) 

3.2 Gauge-fixing Lagrangian Terms 

Consider now the generating functional (3.24) with j — 0 

Z[ 0] = f VA e 'f dxCo - C Q = ~F^,{x)F aiH, {x). (3.27) 

As can be seen in the Appendix F the Lagrangian Co is invariant under the gauge 
transformation 

A'° = A^ a = A a u + f abc 0 b A c - -dW a . (3.28) 

9 

Because of this invariance the generating functional (3.27) can be written as 

Z[ 0] = JVAW exp ifdxC 0 (A( e \dAW) 

(3.29) 

= f VA^ exp i f dxC 0 (A,dA). 

Accordingly, integration over the gauge-transformed field A^ in (3.29) diverges be¬ 
cause it includes an infinite gauge freedom volume factor / Hr,a dO a {x). This factor 
should be factorized out before using the perturbation theory [Fad 67,Mut 87,Lei 87]; 
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otherwise it will lead to ill-defined Green’s functions [Lei 87]. To eliminate this factor 
Faddeev and Popov [Fad 67] introduced a functional A [A] via 

A [A] J V68(G^A^) = 1 (3.30) 

where in the argument of the delta function we write instead of d ,L because we 
want to generalise this identity from the Lorentz gauge to other gauge choices. Here 
A [A] is gauge invariant since when we transform A into A^ A [A] becomes 

A[A (0) ] = jy V0'8(G • A^'>) j 1 = {/ V(0e')8(G • A^'>)} 1 = A [A] (3.31) 

where the second equality comes from the fact that exists the gauge group identity 
[Fra 70, Gil 74, Ryd 85] 

J vef(d) = J vef(ee'). ( 3 . 32 ) 

Now the identity (3.30) may be inserted, after replacing A[A] by A[A^], into the 
generating functional (3.29) 

Z[ 0] = J V6VA {e) A[A^]8{G - A (e) ) exp i J dxC 0 {A^ e \dA^) 

= J V9VA A[A]£(G- A) exp i J dxC 0 (A,dA). (3.33) 

We see that this generating functional is explicitly proportional to the volume f T>0. 
Therefore we can now factor out the volume and the generating functional becomes 

Z[ 0] = J VA A[A]8(G ■ A) exp i J dxCo(A,dA). (3.34) 

Consider now the factor 8{G • A). This is nothing but the homogenous gauge 
condition G-A = 0 with G M = 3^, or x M in the Lorentz gauge, the axial-type gauges 
or the FS gauge. It is advantageous to replace the homogenous gauge condition by 
the inhomogenous one 

G ■ A = B. (3.35) 

Accordingly the generating functional (3.34) becomes 

Z[ 0] = J VA A[A]6(G- A — B) exp i J dx £ 0 (A, d A). (3.36) 
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Field translation ensures that Z[ 0] is independent of B(x) so one may integrate the 
right-hand side of (3.36) over B(x) with the help of a chosen weight function [Hoo 71, 
Lei 87]. The result is 

Z[ 0] = J VA A[A] exp i J dx(C 0 + Cgjr) (3.37) 

where Cgj- is called the gauge-fixing term of the Lagrangian C = Cq + Cgyr. Adding 
a source term in (3.37) one has 

m — J *DA A[A] exp i J <1x(jCq + Bgjr -|- j A). (3.38) 

This is the general form of the generating functional for Yang-Mills theories. The 
functional A [A] will be derived in detail in the next chapter. The explicit form of the 
gauge-fixing Lagrangian Cgp depends on the chosen weight function. If one chooses 
a Gaussian weight function 

exp J dx B 2 (x)^j (3.39) 

and integrates over B one ends up with 

Cgr =-±(G ■ A) 2 . (3.40) 

This Lagrangian may also be written in different form, namely in the form of auxiliary 
fields C a {x) [Nak 66, Mut 87]: 

£gr = CG-A+lc 2 (3.41) 

where in this formulation functional integration over C a must be added to the gener¬ 
ating functional (3.38) 

Z[ 0] = J VAVC A[A] exp i J dx(Co(A) + Cgr(A,C) + jA). (3.42) 

The equivalence between the Lagrangian (3.40) and (3.41) is trivially proved by mak¬ 
ing use of the identity 

2 , , b b 2 , 

ax 2 + bx + c = a(x + — ) 2 + c — — (3.43) 

2a 4a 
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in the functional (3.42). Note that C(x) is an auxiliary field and therefore all physical 
observables should not depend on it [Fra 70]. This field is also called the Lagrange 
multiplier field [Fra 70], especially in the context of gauge-fixing Lagrangian 

C QT = CG- A (3.44) 

[Del 74, Kum 75, Kon 77, Itz 80, Cap 86, Kum 76]. In fact the Lagrangian (3.44) is 
only a special case of (3.41), i.e. the case when A —> 0. 

The next section will be devoted to derivations of Green’s functions or propaga¬ 
tors. The derivations will be presented by recalling the bilinearity of the Lagrangian, 
equation (3.20) and (3.21), and by applying Euler-Lagrange equations and equation 
(3.26). 


3.3 Gauge Field Propagators 

The gauge field propagators depend significantly on the gauge fixing term of La¬ 
grangian. By taking the gauge-fixing Lagrangian (3.41) into account the Lagrangian 
of the gauge fields reads 

£ = -+ C'G^Al + ^(C“) 2 . (3.45) 

The propagator will be obtained first by deriving the fields A aix and C a in the form of 
their external sources via the Euler-Lagrange equations. Then, according to equation 
(3.26), the propagator emerges automatically. Using this method we ought to add 
external source terms to the Lagrangian (3.45) 

C = - l -Fl v F ailv + + )-{C a ) 2 + A a,g j‘ + K a C a (3.46) 

where j ati and K a are the external sources of the fields and C a respectively. The 
Euler-Lagrange equations 

dC q dC _ 

’dc*-°»d{d, l c a ) ~ ° 

dC a dC n 
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lead to the field equations 


G • A a = -(I< a + \C a ) 


(3.48) 

(3.49) 


(Oj'- - T C'C" = -j a “. 

The (=F) factor in the second term on the left-hand side of (3.49) comes from the 
second term of (3.46): in the axial and FS gauges CG M A M = +(G V 'C)A )1 while, after 
omitting surface term, GG M A M = —(G M C)A M in the Lorentz gauge. Thus the upper 
sign, in this case (-), in the last term on the left-hand side of equation (3.49) is for the 
Lorentz gauge whereas the lower sign is given for the axial and FS gauges. Note that 
equation (3.48) is nothing but the inhomogenous gauge condition. Now operating 
with □ on (3.48) and d^ on (3.49) we obtain 


-D(K + \C a ) = G^DA“ + 2I Fs d ■ A a 
C a = ±(d-G)~ 1 d-j a 


(3.50) 

(3.51) 


where 


Ifs = 1 for the FS gauge 

= 0 for other (Lorentz and axial) gauges. 
By operating with G^ on (3.49) and using results (3.50) and (3.51) 
some rearrangement, 


(3.52) 


one obtains, after 


d ■ A a = (dG - 2 I FS )~ 1 [-nK a - (G 2 ± An)^)- 1 ^ • j a + G ■ j a ). (3.53) 


Combination of (3.49), (3.51) and (3.53) leads to 

A afl (x) = -(dG - Zips)' 1 d*K a - n- 1 { g T - (dG - I FS )~ 1 (G ,1 d 1 ' + d^G 1 ') + 

(dG - iFs^d^d" ± A (8G - I FS )~ l (dG + 3(3.54) 
In obtaining expression (3.54) the identities 

dG = Gd + 4 I FS (3.55) 

d»(dG + a)* 1 = (dG + a + Ips)* 1 d„ (3.56) 

x^dG + a) ±1 = (8G + a- Ipsf'xp (3.57) 
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d^Gv = G^dfj, + I F sg^u (3.58) 

with a an arbitrary number have been employed. Finally using the definition (3.26) 


one extracts the propagators 


G a i(x,y) 


SAl(x) 

Sj bl, (y) 


= X {.9nv ~ ( dG — Ifs) 1 (G li d„ + d^Gt,) + (dG — Ifs) 2 d tl G 2 d„ + 



± A (dG - i FS )- l (dG + 3 iFsy'odM^^ - y), 

(3.59) 

GS(*,#) = - 

8Al(x) 6A;(x) 

8j b4 (y ) ~ 8K b (y) ~ 3/f5 ^ ^ ^ V ^ 

(3.60) 

Gt(x,y) = - 

8A a 4 (x) 8C a (x) i b 

6j b »(y) ~ Sj^y) ~ T(3G) d “ ( y) ’ 

(3.61) 

GS(*,If) = - 

6A- t (x) SC a (x) 

8j b \y ) _ 8K\y) ' 

(3.62) 


Thus we have the Lorentz, axial and FS gauge propagators 


Gt r "(x,y) = + (A - \)a-’-d“cr]l’ l (x - y) 

Gt*(x,y) = -Gt ,l ‘(x,y) = n-'d»6‘ l (x-y) (3.63) 

(?“(*,») = 0 


CT^(x,y) 

G‘ A b,, (x,y) 


1-1 


g^~ 




d-n ' (d ■ n) 2 
G'2 4 ' 1 (x,y) = (dn)-'d»8 ab (x-y) 

0 


8 ab (x - y ) 


(3.64) 


G a F b ^(x,y) = a~ 1 {g^-(dx- l)~ 1 (x lt d , ' + d lt x ,/ ) + (d X -l)- 2 d' t x 2 d‘' 

- X(dx - ly'idx + Z)- l od^d v } 6 ab (x, y) 

GfT(x, y) = (dx - 3)- 1 d»8 ab (x - y) (3.65) 

G a F T(x,y) = (dx)- 1 d^8 ab (x - y) 

Gf 4 s \x,y)= 0. 
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The inverse propagator G iabKL (x , y) where K, L = 0, • • • 4 may be obtained in a 
straightforward way by recalling the bilinearity (equation (3.20)) of the Lagrangian 
(3.45): 

C = - dMA av q: A^G^C* + C a G^A a(i + C a \C a ] (3.66) 

after discarding the surface terms. Again, the upper sign in the second term is 
associated with the Lorentz gauge while the lower sign is for the axial and FS gauges. 


Hence the inverse of propagators (3.59-3.62) can be read off: 

G~r\x,y) = (□<?„„ - dM6’\x - y) (3.67) 

G-J‘'(x,y) = TG,6‘ t (x-y) (3.68) 

G:i'\x,y) = G,S‘ b ( x-y) (3.69) 

G;r‘(x,y) = XS‘\x-y). (3.70) 

The above inverse propagator may also be derived by the use of identity 

I dy Gkl(x, y)G~ l * LM (y, z) = «£*“(* - z). (3.71) 


However such derivation is not straightforward and a few pages are needed to perform 
all the calculations (see Appendix E). 

In the limit A —* 0 we have 


£gr = CG-A (3.72) 

and 

G%(x, y) = o' 1 -(da-hs)-' (G„a„ + a„G „) + 

(da - I F s)~ 2 d lt G 2 d t ,}S ab (x - y), (3.73) 

Gf t (x,y) = (SG - 3/ FS )-‘a„«‘‘(i - y), (3.74) 

G£(X, y) = T(aG)- l a„«“(i -y), (3.75) 

Gfi(*,y) = 0, (3.76) 

and their inverse 
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y) = (Oft,, - d r 8,)S*{x - y), (3.77) 

G-J“(x,y) = TG f 6- b (x-y), (3.78) 

Gi"\x,y) = G^\x-y), (3.79) 

Gi*“(*,!f) = 0. (3.80) 


In this limit the FS gauge propagator and its inverse are 

G a Fs v {.x,y) = {g^ - (dx - + dW) 

+(dx — \)~ 2 d' J 'x 2 d u } S ab (x — y ) 

G a ^\x,y)= (dx - 3)- ; l d^ b (x - y) 

(dx)-W b (x-y) 

G* F b l\x,y)= 0 (3.81) 

g fs»»( x , y) = ( a 9^ - d tl d u )8 ab (x - y) 

Gpl^ix, y) = Gps^x, y) = Xfl S ab (x - y) 

G?&{*,V)= 0 . 

To end this section let us compare the above propagators to those associated with 
the gauge-fixing Lagrangian Cg Fl = — -^(G ■ A) 2 : 

G*(x,y) = D" 1 {g^ - (DG - I FS )-\d^G u + GM + 

(dG — I FS )~ 2 d^.G 2 d u 

±A (dG - I FS )-\dG + ZlFsVud.dv) S ab (x - y) (3.82) 

and 

G~r\x, y) = (D 9lu> - d»d„ ± jG,G v )8 ab (x - y ). (3.83) 

The derivation of these propagators can be carried out in a similar way as above (see 
Appendix E) and therefore we only show the final result here. 
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It turns out that the propagator associated with is equal to (//, v) components 
of the propagator associated with Cgjr 2 . This equality is understood since both gauge¬ 
fixing Lagrangians are equivalent in the context of generating functional. On the other 
hand, the physical components of the inverse propagator (3.67) is simpler: it is free 
from the gauge parameter A and is equal to the gauge parameter-free term of the 
inverse propagator (3.83). The appearance of extra components, G ab4,i and G abfl4 , 
in the propagator associated with Cgr 2 is due to the introduction of the auxiliary 
field C(x ). However these extra components will not contribute to the scattering 
matrix and thus we may call them the unphysical components of the corresponding 
propagator but the remainder, (//,!>), are called the physical components. 

In perturbation calculations we will not use the FS gauge propagators (3.65) or 
(3.82) but because of its simplicity we will employ the FS gauge propagator and its 
inverse (3.81). 

Symmetry properties of propagators play an important role in simplifying pertur¬ 
bation calculations and therefore we should derive them for the above propagators. 
The next section is devoted to the derivation of those symmetries. 


3.4 Properties of Gauge Field Propagators 

The symmetry properties of the propagator G^ L (x, y) can be deduced immediately 
from identities below 


□ ^(z — x') = □ 1 S(x — x') (3.84) 

G'^8(x — x') = ^G^8{x — x') (3.85) 

{d'G' + a)-'8{x - x') = (:±dG + a + 4- *') (3.86) 

(dG + a^D- 1 = D~ 1 (dG + a + 2/ F5 ) ± (3.87) 

+ 2I FS n~ 2 dn (3.88) 


where a is constant and Gd'^ and □' refer to the variable x'. The proof of the above 
identities can be found in the Appendix B. By applying (3.85), (3.86) and then (3.56) 
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the unphysical components of the propagator Gj^ l (x, x ') have the property 


= (3.89) 

Similarly, but with a few more lines of calculations, all the identities (3.84-3.88) and 
(3.55-3.58) can be applied to show that the physical components of the propagator 
obey 

G;t(x',x) = G;‘(x,x'). (3.90) 

Thus we conclude that the propagators are symmetrical under interchanging both 
x <-> x' and K <-> L simultaneously 

G$ L (x,x') = Gt K (x',x), (3.91) 

as is consistent with Bose symmetry. Another symmetry 

G£(x,xO = G£(-x,-x') (3.92) 

also holds for the physical components of the propagators (but it does not hold for 
the unphysical components) as is easily seen from (3.60-3.61) or (3.74-3.75). 

The physical components have another important property. If is operated on 
them the result is 

G^Gf^x, x ') = A (dGy'd^x - x'). (3.93) 

Hence in the limit A —> 0 the physical components of the propagator G'“^,(x, x') are 
orthogonal to G*, 

G fl Gf l/ (x,x') = 0; A —► 0. (3.94) 

3.5 Fock-Schwinger Gauge Propagators in Coor¬ 
dinate and Momentum Spaces 

The explicit form of the physical components ot the FS gauge propagator (3.81) 
is complicated and will cause difficulties in scattering calculations. However these 
difficulties may be diminished by taking advantage of the symmetry properties of 
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the propagator without using its detailed form. In this section we will rewrite the 
propagator (3.81) in a more useful way. 

Let us consider the physical components of the FS gauge propagator (3.81) 

G^x, x ') = a -1 {5^ — ( dx — 1 ) -1 (x^3 t/ + d^x v ) 4- ( dx — l) -2 d M x 2 di,} S(x — x') 

(3.95) 

where for simplicity we have dropped index FS and color indices a and b. The 
first term on the right-hand side is the Feynman gauge propagator Gf„„(x, x') and 
the remaining terms, G' (x,x'), are the contributions associated with the FS gauge 
condition. In this section we only pay attention to G^(x, x'). 

G^(x,x') = G Fiiu (x,x') + G'^ix,! 1 ) (3.96) 

G^„(x, x 1 ) = a -1 {-(dx - l) -1 ^^ + d^x u ) + [dx - l)~ 2 d^x 2 d^5(x - x')> 

(3. 97 ) 

When evaluating the scattering matrix, the fermion (or boson) propagator as well 
as the gauge field propagator play a crucial role. The intricacies of perturbation calcu¬ 
lations depend significantly on these propagators. Since the basic form of the fermion 
propagator is an inverse of differential operator (inverse of □ in the case of the 
boson propagator) the gauge field propagator will facilitate perturbation calculations 
if it contains factors of differential operators. Because of this reason we should cast 
the propagator G^„(x, x') into derivatives of some functions. Since G^x, x') is a two 
point function one may relate indices \i and v with derivatives with respect to x and 
x' respectively. In this way one can arrive at the more useful form, 

G>(x, x') = dJ Xu {x, x') + d'J 2li (x, x') (3.98) 

where d' v = ^7, and 

/i M (x, x') = —□ _1 x^(3x — l) _1 6(x — x') -f ^□ -1 x 2 d M (3x — l) -2 <5(x — x') (3. 9 9) 

La 

f 2 n{x,x') = +n~ 1 (dx - l)~ 1 x tl 6(x - x') - ia -1 (t?x - 1 )~ 2 d fl x 2 6(x - x') (3.100) 

Identities (3.56) and (3.57) have been used to obtain (3.100). According to the sym¬ 
metry (3.90), or else by applying (3.55), (3.56) and (3.57) on (3.100) directly, one 
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has 


f ltl (x,x') = f 2tl (x',x). (3.101) 

The momentum space form of (3.97) or (3.98) can also be obtained. Recalling the 
symmetry (3.101) and the definition (3.100 ) one has, after some algebra, 

d'Jin(x',x)= dlf 2fi (x, x') 

= D- 2 d^d v (dx — l) -1 ^(a: — x') + |x M D -1 9 1/ G 3 (a;', x) 

+|n _1 (a^d' + flw)Gi(s,x') + id -1 (x *+ 2x' l/ d , li )Hi (x, x') 

(3.102) 

where we have defined 

(dx — n)G n (x, x') — 8(x — x') (3.103) 

(dx — n) -1 (j n (x, x') = H n (x , x'). (3.104) 

G n (x,x') and H n (x,x') may be obtained as follows. After introducing a parameter 
/3 via a replacement x —> f3x in equation (3.103) the operator xd in (3.103) can be 
replaced by an operator because xd acts on a function of f3x , viz. G n (/3x,x'). 
Thus, equation (3.103) becomes 

_ d 

.^ -(n - 4) 

To simplify this equation we may replace the parameter by another parameter 
a = jj. After some algebra we arrive at 

~a n - A G n {- , x') = —a n ~ 1 8(x - ax'). (3.106) 

da a 

(Note that in deriving equation (3.106) we used a trick, namely, we multiply both- 
sides of equation (3.105) by a factor a n_5 ). Equation (3.106) yields a solution 

/ OO 

da e~ aS a n ~ 1 6(x — ax'). (3.107) 

Accordingly, the function H n (x,x') defined in (3.104) follows immediately 

/ OO 

da e~ aS a n ~ 1 (dx — n) _1 6(x — ax') 

= lim f da e~ aS a n ~ 1 G n (x,ax'). (3.108) 

6->+oJl 


G n (/3x,x') = 8(/3x — x'). (3.105) 
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A few simple cases are, 


!l 

H 

H 

r-i 

J dk j™ da e~ aS e~ ik ( x ~ ax ') 

(3.109) 

H 1 (x,x') = 

J dk J~ da e~ aS In a e —'*(»-«*') 

(3.110) 

G3(X, X') = 

J dk da e~ aS a 2 c — •*(—«0 

(3.111) 

where dk = (2ir)~ 4 d 4 k and from 

now on we neglect the specification lim # _ +0 . 

, except 


where needed. Putting (3.109), 3.110) and (3.111) into equation (3.102) we get 


x ) 

= n~ 2 d M d u (dx - 1 )-^(* - x') - \ f /r da e~ aS iax^k u 
+ | / r|r /i°° da + iax^k u + 2iax' v k^ In a 

—?/ 2 fc / 1 A: l/ a 2 lna] 

(3.112) 

This is the second term of (3.98). The first term of (3.9S) can be obtained from 
(3.112) by interchanging x <-> x' and fi <-»■ v and the symmetry (3.101). Hence the 
propagator (3.98) reads 


GU *,*0 


\ da e~ aS f x 

+ iax'^k v + za(l -f 2 In a)x' l/ k tl — x k^k u a 2 In a] 
+ § da e~ aS f Jfee-Wa*-*') x 

[g^v — iax^kp — ia(l + 2 In a)x li k l/ — x 2 k fl k„a 2 In a] 


where we have used the identity 


(3.113) 


U'^d'Jd'Xd'x - l)-^(x - x') = -a~ 2 dMdx - l)-^(x - x'). (3.114) 


The propagator (3.113) agrees with Rummer and Weiser [Rum 86]. In their 
derivation they did not introduce formula (3.98) but directly worked out (3.71) by 
rewriting the propagator Gab{x,x') in the form 

Gab(x, x') = J dke~ ,kx GAB{k,x') (3.115) 
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with 


G^k, x ') = Ag Ml/ + Bk^kv + Cx'^x' u + Dx ^ + Ek^x^ 

G^(k,x') = akfj + bx'^ ( 3 . 116 ) 

G^(k, x ) — ckp "I - dxp 


where the coefficients A, B, • • ■, a, 6, • • • are functions of k 2 , kx' and x n . They found 
that the resulting propagator does not obey the symmetry (3.91). The contradiction 
is understandable because in order to keep G fll /(x,x > ) symmetric G^ik, x') in (3.115) 
must be necessarily free from x' • it is only a function of forms like exp (ikx , )Gf iV (k, k'). 
However since the inverse propagator contains x 1 , x' appears in G^k^x') too. To 
escape the contradiction Rummer and Weiser then proposed a symmetric propagator 

G in/ (x^x ). 

G>„(®, x') = ^[G^x, x') + G utl (x', x)] (3.117) 

after claiming that Gba{x',x) is also a solution of (3.71). They were then able to 
obtain (3.113). 

The propagator in momentum space (3.113) can be obtained from coordinate 

space as a Fourier transform, 

/ dk r°° r 

3 ^ l d/3 [/„(/?, k, d k , x')k» e~ lf3kx + g,(p, k, d k , x)k v e i/3kx ' 

(3.118) 

although all reference to the coordinates does not go into exponential. Above, 

W, k, d k , x) = l e -^{e ik ^ + 6(P - 1) dae iak *x 


g^(P,k,d k ,x)= \e ps {e 


[ia(l + 2 In a)xn — a 2 In ak^x 2 ]} 
~ ikx -£? + d(P~l) JT dae~ iakx x 

[—*a(l + 21na)x^ — a 2 In ctk^x 2 ]} 


( 3 . 119 ) 


with their properties 


f& (Pi k, 0 k , x) — k , d k .,x), 

fn[fi)k,d k , x) = +g M (/3,k,d k ,x). 

Hence, 

G>(x, x') = J dp [g„(p, k , d k , x')^ e ,pkx + (/i«i/,ih *')] . 


( 3 . 120 ) 


( 3 . 121 ) 
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To summarize, the physical components of the Green’s function (3.81) have the 
form: 

Coordinate space 


fi i “(x,x')= f?*(x',x) 

= D _1 [— x^dx — l) -1 + ^x 2 d ll (dx — l)~ 2 ]6“ b (x, a:') 

fi bfl (x,x , )= 6 ab f?(x,x'). 

Momentum space 


(3.122) 


Gf v (x, x>) = Gfjx, x') + / S JT W k > d * «“*** 

+9 a t ! > {P,k,d k ,x)k l , e ipkx ’] 

f?(f3,k,d k ,x) = -g*\l3,-k,-d k ,x) (3.123) 

k , -x) = gf{P, k, d k , x) 

f?(P, k, d k , x ) = k, d k , x) 

where Gp (ll/ (x, x') = <^ afc ^' iI/ n _1 ^(x — s') is the Feynman gauge propagator. Note that 
the Green functions (3.123) are not fully in momentum space because the space-time 
coordinates x and x' in (3.123) still exist. 

The propagators we have derived here will be used in the next chapter to obtain 
the Ward-Takahashi and the BRST identities. 


48 



Bibliography 

[Abe 73] E. S. Abers and B. W. Lee, Phys. Rep. 9C, 1-141, (1973) 

[Ant 83] I. Antoniadis and E. Floratos, Nucl. Phys. B214, 350-6, (1983) 

[Bai 86] D. Bailin and A. Love, Introduction to Gauge Field Theory , Adam Hilger, 
Bristol and Boston, (1986) 

[Bur 90] C. J. Burden, The path integral method in quantum field theory , in Nuclear 
and Particle Physics, Proceedings of the third summer school, Australian 
National University, Canberra, Eds. C. J. Burden and B. A. Robson, 
World Scientific, (1990) 

[Cap 86] D. M. Capper, D. R. T. Jones and M. N. Packman, Nucl. Phys. B263, 
173-86, (1986) 

[Del 74] R. Delbourgo, A. Salam and J. Strathdee, Nuovo Cimento 23A(2), 237- 
55, (1974) 

[Fad 67] L. D. Faddeev and V. N. Popov, Phys. Let. 25B(1), 29-30, (1967) 

[Fra 70] E. S. Fradkin and I. V. Tyutin, Phys. Rev. D2(12), 2841-57, (1970) 

[Gil 74] R. Gilmore, Lie Groups, Lie Algebras, and Some of Their Applications , 
John Wiley and Sons, (1974) 

[Hoo 71] G. t’Hooft, Nucl. Phys. B33, 173-99, (1971) 

[Itz 80] C. Itzykson and J. B. Zuber, Quantum Field Theory, Mc-Graw Hill 
Inc, (1980) 


49 



[Kon 75] W. Konetschny and W. kummer, Nucl. Phys. B100, 106-24, (1975) 


[Kon 76] W. Konetschny and W. Kummer, Nucl. Phys. B108, 397-408, (1976) 

[Kon 77] W. Konetschny and W. Kummer, Nucl. Phys. B124, 145-62, (1977) 

[Kum 75] W. Kummer, Acta Phys. Austriaca, 41, 315-334, (1975) 

[Kum 76] W. Kummer, Acta Phys. Austriaca, Suppl. XV, 423-473, (1976) 

[Kum 86] W. Kummer and J. Weiser, Z. Phys. C31, 105-110, (1986) 

[Lei 87] G. Leibbrandt, Rev. Mod. Phys. 59(4), 1067-1119, (1987) 

[Mut 87] T. Muta, Foundations of Quantum Chromodynamics , World Scientific, 
(1987) 

[Nak 66] N. Nakanishi, Prog. Theor. Phys. 35(6), 1111-6, (1966) 

[Nas 78] C. Nash, Relativistic Quantum Fields , Academic Press, (1978) 

[Ryd 85] L. H. Ryder, Quantum Field Theory , Cambridge University Press, (1985) 


50 



Chapter 4 


Ward-Takahashi and BRST 
Identities 


The Ward-Takahashi and the BRST identities will be derived here. Since the FS 
gauge theory is a ghost-free theory its BRST identity will also be derived without 
introducing the ghost fields. Both kind of BRST identities will be compared. The 
ghost-free version of the FS gauge theory will be obtained in the first part of the 
chapter. 


4.1 Ghost-free Fock-Schwinger-Gauge Formula¬ 
tions 

The generating functional in the Yang-Mills theory 

Z[J] = JVA A [A] e <f**(£o+c S r+JA) (4.1) 

has been derived in the previous chapter. Here we will focus mainly on the func¬ 
tional A [A], Its general form will be derived and its responsibility for the ap¬ 
pearance of the nonphysical, ghost, fields will be discussed. The derivation of this 
functional will follow the work of Muta [Mut 87]. 
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Let us begin with the definition of A [A] as given in the previous chapter 


(A[A]) _1 = J l[Vs b 6(G-AW) 


where s a is the gauge parameter of the gauge transformation 


(4.2) 


SAl(x) = r b 's h (x)Al(x) - -«„»•(*). 

9 


(4.3) 


f abc being the structure constant of the gauge group and g a coupling constant. 
The above integral may be written as 


(A[X])-‘ = JU,V(G“A^‘) 
= (det Mq)- 1 . 


8(G»AM c ) 


-i -i 


8s b 


8(G-A {s)a ) 


(4.4) 


Hence 


A [A] = det Mg 


(4.5) 


and 


(M a (x,y)r‘ = 


<(G«AW"(x)) 


6s l (y) 


(4.6) 


Since other integrands in (4.1) are in an exponential form it is advantagous to write 
A [A] in such a form. Fortunately the determinant of a matrix may be so expressed. 
For the matrix Mg one may write 

det iMa = j T>xT>x* exp (-i J dx J dy X*\ x )MG(x,y)x b (y)j . (4.7) 


Here x and x* are two independent fictitious fields called the Faddeev-Popov ghost 
fields. They are anticommuting like fermions. The explicit derivation of the above 
expression can be seen in many textbooks (see for example [Ryd 85]) and, thus, 
no derivation is needed here. Now by inserting (4.7) into (4.5) and then (4.5) into 
(4.1) the generating functional (4.1) becomes, up to irrelevant factor 


Z[J,U’\ = J V[AXX‘\ exp | i J dx [Co + Cgr 

- j dy X ' a (x)M a G b (x, y) X b (y) + A a J a + x*“r + T V] } (4.8) 
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where V[Axx*\ = 'DA'Dx'Dx* for short and and £*“ are the external sources for 
the ghost fields an d x“ respectively. It turns out that A [A] is responsible for 
the appearance of the ghost fields x*° and x“- 

Let us now find the explicit form of the matrix element M G (x, y ) for some gauge 
conditions. Inserting (4.3) into (4.6) one has 

M a G \x, y ) = (f abc G»Al - U ab G»d)j S(x - y ) 


= --G“DfS{x-y) 

9 

(4.9) 

where 


D* b = - gf abc Al. 

(4.10) 

The expression (4.9) can be written as 


Mq(x, y) = (f^AiG* - Wa,) 8(x - y) 

(4.11) 


subject to the homogenous gauge condition G • A = 0. It turns out that the 
dependence of M G on A“ arises through the first term of the right-hand side of 
equation (4.11). When this term vanishes the element matrix M G is independent of 
the gauge field A“. As a consequence integrations over x and x* in the generating 
functional (4.8) reduce to just a number that can be absorbed into the normalization 
factor. In that case, theories with the generating functional (4.8) are ghost-free. It is 
obvious that Abelian theories are ghost-free theories since f abc = 0. In non-Abelian 
theories, on the other hand, f abc is not zero in general and thus the independence of 
Mq on the gauge field A“ hinges on the value of A ctJ ’G li . Accordingly, non-Abelian 
theories in the Lorentz gauge are not ghost-free since A^G' 1 = A^d^ 0. On the 
other hand, = x ;i A^ = 0 means that the FS gauge theory is not haunted by 

ghost. 


53 



4.2 Local Gauge and BRST Invariances of La- 
grangians 

Consider the Lagrangian density of a system of quarks and massless gluons 

Co = (4.12) 

where 

Df, = - igT a Al 

iV = D^Av - D^Af,. (4.13) 

[: T a , r 6 ] = if abc T c . 

Under the infinitesimal local gauge transformations 

il>(x) —+ ^//(a:) — U(x)ip(x) = (1 — igT a A a (x))ijj(x) 

ip(x) —> ^'(a:) = ip(x)U*(x) = '0(x)(l + i5rT a A“(a;)) (4-14) 

W-<(*) = K~ D t Ab 

with 

Cf(*)= e -^ T ° Aa ( x ) 

D ab = S^dp-gf^Al 

A a = | s a (4.15) 

the Lagrangian density £o is invariant because F“ l/ F af11 ', tpr/j and are gauge 

invariant quantities. 

If we add £$.?• = CG • A. + |G 2 to the Lagrangian Co, the new Lagrangian 
Cq + Cgjr is no longer gauge invariant due to the non-gauge invariance of Cgjr. 
Nevertheless when the Faddeev-Popov ghost Lagrangian C?p = — x* a M ab x b is also 
added one can find larger transformations which make the Lagrangian 

C = Co + Cgr + C?p (4.16) 

invariant. These transformations consist of the local gauge transformations (4.14) 
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and transformations related to x ? X* and C 

x = x a + 6x a = x a -\gOf abc x b x c 
X' a = x* a + 6x* a = X* a + 0C a (4.17) 

c' a = c a + sc a = c a 

where 9 is defined from 

A a (x) = -9 x a (x). (4.18) 

6 must be a Grassmann number since is an anticommuting ghost field. In order 
to keep the reality of A“, 9 is restricted by relations 

(o x ‘)t = e x \ (4.19) 

The local gauge trasformations (4.14) together with the transformations (4.17) 
are well-known and are called the BRST transformations following the work of 
Becchi, Rouet, Stora [Bee 74, Bee 76] and Tyutin [Tyu 75]. The detailed proof of 
the BRST invariance of the Lagrangian (4.16) is given in Appendix F. 

4.3 Ward-Takahashi Identities 

The invariance of a Lagrangian under certain transformations produces some 
consequences. In quantum electrodynamics the invariance of the Lagrangian Co 
under the gauge transformation will result in the so-called the Ward-Takahashi 
identities [War 50, Tak 57]. In this section those identities will be derived. We will 
find that the Ward-Takahashi identities will be slightly different with the gauge¬ 
fixing Lagrangian Cgp. However they all imply orthogonality of photon self-energy. 

To obtain the Ward-Takahashi identities let us consider the generating func¬ 
tional of quantum electrodynamics 

Z[J,,,if,X]= Jv[AWC] exp i J dx(C 0 + Cgj- + A J + ^r\ + r]%p + CK) (4.20) 

where Cgjr = CG ■ A + jC 2 is the chosen gauge fixing Lagrangian and K represents 
the external source of the auxiliary or multiplier field C. Here A [A] described in 
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the previous chapter is just a constant and included in the normalization constant. 
The above generating functional remains unchanged under arbitrary field variables 
transformations 


Z[J,t],tj,K] = j D[yl'V’ , V’ / C ,, ] exp 7 J dx(£'o+£'gjr+A'J+ip'rj+ijt^'+C'K). (4.21) 

If the local gauge transformations (4.14), with g the electron charge e and one 
color index, are chosen as the field transformations the generating functional (4.21) 
becomes 

Z[J , 77,77 , K] = J VlArpxpC] exp i J dx(£ 0 + Cgp + A' J + ip'r] + rjrj)' + C'K) 

— J T>[AipipC] exp jz' J dx(£ 0 + £qt + AJ + tpi) + 777 /* -f CK ) x 
1 1 + i J dx \s£gjr + (<5A) • J 4 - (Sip)if + 77 ^] + • • • j . (4.22) 

In obtaining the above expression we use the fact that the integral measure 
T>[A^C] and the Lagrangian £q are gauge transformation invariant (see Appendix 
F). Equating (4.20) and (4.22) one gets 

0 = 6Z[J, 77 , 77 , I<] = J V[AifipC) J dx [6£gr + (6A) ■ J + (<ty) 77 + 

lj8i/> + (8C)K}e iS (4.23) 

with 

S = J dx(£ 0 + £g t + AJ + 077 + 777 /* + CK). (4.24) 

To rewrite the identity (4.23) in a more useful form let us combine the variation of 
£gr and CK 

6£gr + (6C)K = (SC)(K + G ■ A + AC) + CGHA,, = CG^SA^ = ^(G^C)SA^. 

(4.25) 

The 8C term in the above expression vanishes since, according to the Euler- 
Lagrange equation, 

I< + G ■ A + AC = 0 . (4.26) 
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This also means that the action S is invariant under any transformation of C . 
Now the identity (4.23) becomes 


0 = J dxA(x)fcdpG»C + 8-J + ieij>T) — ier]if>]Z[J, 




(4.27) 


This is the Ward-Takahashi identity in the functional form. The upper (lower) sign 
in the first term on the right-hand side of equation (4.27) is associated with the 
Lorentz gauge (the axial and FS gauges). It turns out that the Ward-Takahashi 
identities differ only slightly with gauge choices. 

As has been mentioned in the previous chapter, the generating functional 
Z[J, t],t), K] consist of connected and disconnected Feynman diagrams. Since only 
the connected diagrams contribute to S — 1, the nontrivial part of the scattering 
matrix S, it is advantageous to rewrite the Ward-Takahashi identity (4.27) in the 
terms of the connected generating functional W[J, 77 , 77 , K]. The relation between 
both kind of functionals is given by 


Z[J, t}, 77 , K] = exp iW[J, ?/, 77 , K], 


Since 


SZ SW 

= iZ- 


8Z _ SW 

8tj ~ lZ ~8^' 


8J» ’ 8J 

the Ward-Takahashi identity (4.27) becomes 


8Z _ SW 
Ifij ~ tZ !if' 


8Z .SW 

-= iZ - 

8K 8K 


, „JW .. SW _8W A 

± td^G^-r— - id - J + erj— -er;-— = 0. 

8K 8r) 8rj 


(4.28) 


(4.29) 


(4.30) 


It is instructive and useful to express the identity in terms of another functional 
called the effective action r[A, */>, t/>, C\ which generates one-particle irreducible di¬ 
agrams. This is defined by 


T[A, i/>, ip, C] = W[J , 77 , 77 , I<\ - J dx[J • A + xliri + 77 V* + CI<] (4.31) 


with 


SW _ A . 
8T-_j. 

m 1 - 


SW _ rn. 
Stf- 
ST _ 

Sip 


f= * 

f^ = V 


SW 

JK 

ST 

JC 


= c 

= -K. 


(4.32) 
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Accordingly the Ward-Takahashi identity (4.30) changes into 


± id a G*C + id* 


sr -st . ST n 

—-ew-== + ew— = 0. 

8 A* 1 Y Sip ip 


(4.33) 


Equations (4.30) and (4.33) form a complete formulation of the Ward-Takahashi 
identities of quantum electrodynamics. The identity (4.30) is the Ward-Takahashi 
identity in the form of external sources whereas the corresponding identity given in 
the form of field variables is shown in equations (4.33). 

Finally consider some consequences relating to the identity (4.33). Functionally 
differentiating the identity with respect to ip{x i) and ip{x 2 ) and setting A — ip = 
ip = C = 0 one gets 


id*-= 


<5 3 1?[0] 


Sip(xi)Sip(x2)SA^(x) 


= t[S{x - xi) - 8(x - x 2 )] Tf 


<s 2 r[o] 


8ip(xi)8ip(x 2 ) 


(4.34) 


Differentiating (4.33) with respect to A^y) and then putting A = ip — ip = 0, one 
obtains 


0 = a 


<5 2 r[o] 




* 6A^{x)8A u {y) 


(4.35) 


This gives 


d,U* l '(x,y) = 0 


(4.36) 


because 

G-^ix.y) = psT - d*d‘']6(x - y). (4.37) 

Lastly, functionally differentiate (4.33) with respect to C(y) and take C = A = 
ip = ip = 0; we have a trivial result 

0 = ±d M G<‘6(x -y) + = ±a„G»6(x - y) =F d„G"6(x - y). (4.38) 


4.4 Slavnov-Taylor Identities 

The Ward-Takahashi identities in non-Abelian theories were first derived by 
Taylor [Tay 71] and Slavnov [Sla 72]. Since then the identities often bear their 
names. The derivation of the Slavnov-Taylor identity is analogous to the derivation 
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of the Ward-Takahashi identity previously discussed. This section is devoted to the 
derivation of it. 

Instead of the generating functional (4.20) we begin with the generating func¬ 
tional 

Z[J, I<] = J V[AC\ A [A] exp * J dx(C 0 + Cqf + AJ + CK). (4.39) 

We leave out the fermion fields because they are irrelevant to our discussion. A [A] 
is crucial in non-Abelian theories as it is dependent on the gauge fields A 11 and thus 
cannot be included in the normalization factor. 

Taking advantage of the gauge invariance of T>[AC\ and Af[A] the generating 
functional (4.39) is equivalent to 

Z[J, K\ = J V[AC] A [A] exp * J dx(C Q + C' gj r + A'J + C'K), (4.40) 

and therefore 

0 = SZ = J dx (8 Cq T + J-SA + 0 SC)K)Z . (4.41) 

Even though its general form is similar to the identity (4.23) there is a difference. 
The difference between both is associated with the form of 8A. In non-Abelian 
theories, 8A is dependent on the gauge field A while in Abelian theories it is not. 
This dependence of 8A on A in (4.41) leads to difficulties in reformulating this 
identity into the way we have treated with the Ward-Takahashi identity. We show 
this difficulty below. 

Now let us define 

= 8(G ■ A a ) = -G M D; b A\ (4.42) 

Accordingly we have 

8AI = -D ab A b = D ab {G ■ D)- l6c fi c (4.43) 

and 

SCgjr + K8C = (8C a )(G • A a + A C a + K a ) + C a 8(G • A a ) = C a Q, a . (4.44) 
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Hence we obtain the Slavnov-Taylor identity 

+ I ^)] 2- (4-45) 

It turns out that the appearance of M(y,x-, jfj) leads to difficulties in express¬ 
ing the Slavnov-Taylor identity (4.45) compactly for one-particle irreducible func¬ 
tions [Lee 76, Itz 80, Tho 82]. This problem was resolved by Becchi, Rouet, Stora 
[Bee 74, Bee 76] and Tyutin [Tyu 75] who replaced the gauge transformations with 
their extended BRST transformations. 

One important point that should be noted is that in ghost-free gauges like 
the FS gauge the quantity M is independent of jj. In that case the Slavnov- 
Taylor identity (4.45) may be translated easily into an identity for the one-particle 
irreducible functions. Thus reformulation of the above identity into the Ward- 
Takahashi-like form may be carried out and is given in the last part of the next 
section. It happens to be identical to the BRST identity in the ghost-free gauges. 

4.5 BRST Identities 

The derivation of the BRST identity is similar to the derivation of the Ward- 
Takahashi identity. Instead of the gauge transformation (4.14) the BRST transfor¬ 
mations (4.14) and (4.17) are used as the symmetry of the Lagrangian. The identity 
will be more complicated compared to the Ward-Takahashi identity. However, in 
ghost-free theories such as the FS gauge theory, the ghost fields may be discarded. 
As a result the BRST transformations simplify to the local gauge transformation 
version. In this section we will derive the BRST identities in both: by keeping and 
excluding the ghost terms in the generating functional 

Z[Ji 1 hVit,C> K ] = J T>[Aip^xx*C]exp^i J dx C + A ■ J+ rj^ + iprj 

+X*{ + CX + CK]} (4.46) 

with 

C = Cq + Cgjr -(- Cpp . (4-47) 
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Since the Lagrangian C and the integral measure V[Atl>ipxX*C] are BRST invariant 
(see Appendix F), one has 


0 = 6Z[J,ri,Ti,t,C,K\ 

= J dx [SA ■ J + rjSrP + + (6 X *)t + C&X + KSC\ Z[J , r),rj , £, f,#] 

= J V[AxltfxX*C) J dx [ej aft Dl b X b + igrjOT a X a ip - ig6^T a X a g + 6C a ? 

-|/° 6 c r^X 6 X c ]expi5 (4.48) 

with 

S = J dx C + A ■ J + Tjxp + ipi ? + X*£ + FX + C/C] . (4.49) 

To rewrite (4.48) in the form of external source variations one should introduce new 
anticommuting source u a>1 and commuting sources v a ,u and u in the action S, 

S = J dx[c+ A- J + + X‘( + Cx + CK + u“‘Dfx > 

- |"TVx 1 + W£*STV - ijfeT B ] . (4.50) 

This new action does not lead to different identities, i.e. the identity (4.48) remains 
unchanged since D ab X b i f abc X b X c -> X^> an d ipX are BRST invariant as is checked 
in Appendix F: 

S{Df X l ) = S(r lc X b x‘) = 6(X<I>) = S@x) = 0. (4.51) 

Note also that under the BRST transformations the following equations hold 

8 2 A afi = S 2 4> = = 8 2 x a = *Y° = <5 2 C“ = 0. (4.52) 


This means that the BRST transformations are nilpotent. Now under the new 
action (4.50) the identity (4.48) reads 

f dx - r°|4 - ??=+j" 7 ?] = ° (4.53) 

7 5ii 0/1 8K a 8v a 1 8u 8u J ' 

or in the form of connected generating functional W = —i\nZ 


f , r bW 8W 
I dx -+ f—- f 7 - t}— + —77 = 

J 8u a > 1 8K a 8v a 7 


<5VF <W 6VF 


(4.54) 
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Equations (4.53) and (4.54) are the BRST identities in the generating and connected 
generating functional forms respectively. If we define the effective action T 


r [A,ip,ip,x,X*,C, u ,v,u,u] = W[J,T),T},(,C,K,U,V,U},Cj] 

- J dx[J ■ A + x*Z + Cx + if>ri + rjip + CK] 

(4.55) 


where 


sw 

Aa. 

SW 


SW 

SJ a>1 


SF~ 

~X ) 

W 

sw 

— 

sw 

0 L. 

sw 

Srj 

— —v\ 

Sr) 

V, 

SK ~ 

ST 

7a. 

ST 

ta. 

ST 

bA a>1 

^ fi 5 

s x *“ 

? » 


ST 

Sip 

= -v\ 

ST _ 
'Sip 

m 

ST 

SU - 

SW 

ST 

1 sz 

J. 

a _ 

St 

St i 

:Z St ’ 

T — 11 

,v ,u,u 


(4.56) 


equation (4.54) becomes 

/ 


, <^r st st st sr stst 


SAl Su a » 


= 0. 


(4.57) 


Sx* a Sx a Sv a Sip Su Su Sip J 

The functional derivative with respect to x*“ may be replaced by functional deriva¬ 
tive with respect to « a/i by the use of the ghost field equation 

ST ST 


0 =< -G^D^x 1 + C >= -G* 


Su atl Sx*° 


Hence 


/*{ 


ST 

Su aft 


ST 

SAjl 


±G tl C a 


Sx a Sv a Sip Su ^ Su Sip \ ’ 


(4.58) 


(4.59) 


after performing integration by parts in the second term for the Lorentz gauge. 

The identity like (4.36) can be obtained by functionally differentiating equation 
(4.59) with respect to A bl/ (y ) and x°( z ) and setting all fields to zero. We obtain, 

S 2 T[ 0] <5 2 T[0] 


0 


-/ 


dx- 


= ^n°^(a:,y) = 0 


(4.60) 


Sx c {z)Su a ^{x) SA“(x)SA b (y) 
after recalling (4.37), i.e. the self-energy remains transversal even in non-Abelian 
theories. Other identities similar to (4.34) may also be derived, namely by func¬ 
tionally differentiating (4.59) with respect to X b (y)i VK 2 ) and ip{t). 
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We have derived the BRST identities in the Lorentz, axial-type and FS gauges. 
In deriving the BRST identity ghost fields must be included in the Lorentz gauge. 
In ghost-free gauges such as the axial and FS gauges, on the other hand, the BRST 
identities may be derived by neglecting the ghost fields. Since this derivation has 
not been carried out the BRST identity in the FS gauge without using the ghost 
fields will now be obtained. 

By excluding the ghost terms the generating functional (4.46) reduces to (4.39). 
Since we are still working with the non-Abelian theory color indices a should be 
retained in the generating functional (4.20), but A [A] in (4.39) may be omitted 
in ghost-free cases. The exclusion of ghost fields effectively reduces the BRST 
transformations to the local gauge transformations (4.14). Therefore the identity 
that we are looking for is 

0 = 8Z[J\ rj,rj, I< a ] = J V[A a WC a ] J dx [8Cgr + (<L4 a ) ■ J a + (8tf) v 

+rj8il>] e tS . (4-61) 

This is nothing but the identity (4.41) (after including fermion terms) or the non- 
Abelian version of the identity (4.23). Note that the term K a 8C a in (4.61) is 
excluded since 8C a = 0. 

To derive the above BRST identity (and thus the Slavnov-Taylor identity) in the 
FS ghost-free gauge more explicitly, let us consider the first two terms of identity 
(4.61). According to the gauge transformation (4.14) these terms become 

8Cgr + 8A at *J* = (< C a Xfl + j;)8A a » 

= A b [8 ab d 11 + gf abc A Cfl ](C a x li + j;) (4.62) 

after discarding the surface terms. Inserting (4.62) into (4.61) and recalling the 
variation of the fermion fields according to the gauge transformation (4.14) we 
obtain the BRST identity 

o = is^xpfg* + gf abc x ^f K * ~ 8 ab d^Z 
+igf abc J aii -£rv - gT \+ gT^M. 
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In terms of the connected generating functional W and the effective action T the 
BRST identity (4.63) is given by 


0 — iS ab + gf 


a6c„ jSW 6W 
» VSJtSK* 


S 2 W 

bJ“bK a 


+iS a %+ igf abc J atl -j$b - gT b v^- + gT b rj 


*-6W 


sw 


(4.64) 


or 


(4.65) 


0 = iS^d^x^C 0, + igf abc x„A cll C a - 

In contrast to the BRST identity (4.59), the BRST identity (4.65) is simpler in 
the sense that the latter identity does not contain composite sources u, v , u and u. 
Their difference from the Ward-Takahashi identity (4.33) is due to the / a6c -terms. 
Thus when we change non-Abelian theories into Abelian theories the BRST identity 
(4.65) will reduce to the Ward-Takahashi identity (4.33). 

Now suppose the identity (4.65) is functionally differentiated with respect to 
A dv {y ) and then setting all fields to zero. In that case the only term in the identity 
that survives is the third term, and it becomes 

6 2 T[0] 


d tl - 


= 0 . 


SA b ^{x)bA dl, {y) 

This equation is the same as the equation (4.60), thus it gives the same result 


(4.66) 


a„n **-'(*,») = o. 


(4.67) 


It is obvious that the contributions of fermion terms, such as the identity like (4.34), 
are the same as found previously. 

To end this chapter let us briefly summarize our results. We have rederived the 
Ward-Takahashi identity in quantum electrodynamics. In non-Abelian gauges the 
difficulties in expressing the Slavnov-Taylor identities (the equivalence of the Ward- 
Takahashi identities) on one-particle irreducible functions leads one to introducing 
a new symmetry, the BRST symmetry. The BRST invariance of the Lagrangian 
results in the BRST identity, replacing the Slavnov-Taylor identity. The BRST 
identity in the FS gauge has been derived in two cases. The first version includes 
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the ghost fields and composite sources such as «, u, w and ZJ. The resulting identity 
therefore consists of such sources as well as the original ones (gauge, fermion and 
ghost sources). In the second case the derivation has been carried out by excluding 
the ghost fields. As a result the identity reduces to the Slavnov-Taylor identity and 
no composite sources need be introduced; it just consists of the original sources and 
is much simpler. 
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Chapter 5 


One-Loop Graphs in the 
Fock-Schwinger Gauge 


The FS gauge propagator with the gauge parameter A —► 0 will be used to 
work out all the following perturbative calculations. In scalar and spinor quantum 
electrodynamics calculations will be performed both in “momentum space” and 
coordinate space. Problems with translational invariance in quantum chromody¬ 
namics lead to difficulties in carrying out the scattering computations in momentum 
space; In this particular case the evaluations will be done only in coordinate space. 
Throughout the chapter we only write the basic form of each diagram and its final 
form before and after putting the diagram on the mass-shell (ms) condition. Details 
of calculations which are sometimes tedious can be seen in the Appendix G. 

5.1 Feynman Rules 

The Feynman rules of spinor and scalar quantum electrodynamics and quantum 
chromodynamics stemming from the books of Itzykson and Zuber [Itz 80] and Muta 
[Mut 87] are summarized below. 
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5.1.1 Spinor Electrodynamics 


Fields 


V’(z) 




Vertex 


-f 



—it 7 ^ 


Propagators 

r _L _ 

a;.-<- ,y ^(x)xp(y) = iS F (x - y) =< 0| Tip(x)i/>(y)\0 > 


l 7 

A tl {x)A u {y) = iG^x, y) =< 0\T A^(x)A l ,(y)\0 > 

5.1.2 Scalar Electrodynamics 


Fields 



A^x) ^ 


Vertices 



x, v A ft (x)A l/ (y) = iG^x, y) =< 0|TA #t (a:)A t/ (y)|0 > 

Symmetry factor 

0 , 

X 2! 

«-► 


note : d** acts purely on scalar fields. 
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5.1.3 Quantum Chromodynamics 


Fields 



&(*) * M*) x A a »(x) 


X\x) 


XyCL 


x°(*) 


Vertices 



igr(T a ) h 



<- *c 


Tigf abc G b(l 



+gpMH - d i a J)] 



= -ig 2 [f eab f ecd (g»pg™ - g^9» P ) 

+f eac f edb (gpag^ P - g^g P a) 
+f e adf ehc ( g ^g pa -g^gv*)} 
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Propagators 


x 


<■ 


y 


iS l Q(x -y) = iS^SfIx - y ) 



iG a Jl(x,y) = i8 ah G^(x,y) 


x < y iSc( x — y) = i8 ab SB(x — y), m = 0 

(Lorentz gauge) 

Symmetry factors 

fi 

1 1 1 

2! 2! 3! 




5.2 One-loop Corrections in Spinor Electrody¬ 
namics 


The FS gauge propagators which have been derived in Chapter 3 can be written 
in a general form 

G^(x,y) = G%(x,y) + Cf~(x,y) (5.1) 

where Gp' (x, y) are the Feynman gauge propagators 

/lu 

__ e -ik{x- y )' (5.2) 

Since calculations of scattering diagrams in the Feynman gauge can be found in 
almost all textbooks on quantum field theory, it is sufficient to only consider the 
corrections due to G' tiv (x,y) when one works diagrams which are linear in gauge 
propagators. 
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5.2.1 Calculations in Momentum Space 

Here the modification to the propagators that we use are 

/ oo r AX? 

d /3 J +g r ( 0 ,k,e t ,x)Ke il)k >]. (5.3) 

1. Electron-electron scattering (Born term) 


?a P, v 9i 



P2 X,fl pi 

Figure 5.1 


5" = -ie 2 u{p 2 )Y u {P\) u {q 2 )l v u{qi) f dx f dyG'^(x,y)e tx ( p2 Pl)+,y(?2 9l) 

= i#S?ff$'IdygM,k,d k ,y) 

{u(p 2 )(^2 - /i)«(pi)«(92)7 ,1 “(9i)^(P2 - Pi + f}k)e ty ( q2 ~ q ^ (5.4) 

+u(p2h* l u(Pi)u(q2)(d2- ii)u{qi) 8 {q 2 - qi + / 3 k)e iy ( p2 ~ Pl '>} 


2. Electron self-energy 



p 2 z,p p y,u pi 
Figure 5.2 


5" = e 2 /dpu(p 2 )7 M (/^ — m + it) 1 ‘y u u(p 1 ) f dx f dye tx ^ P2 p )+ ,y ( p f^G'^x, y) 

= e?S?fS-rh!dy!dp9MXdk,y) 

[u(p 2 )(^— — m + ze)~ 1 7 /i tt(pi)5(p 2 — p + f3k)e ,y ( p ~ Pl ) + 

“(P2)7 #1 (t^— m + ie) -1 (^i— /f)u(pi)6(p — pi + /?fc)e ,y ( p2-p )] 

= s 0 . 

(5.5) 

Off the mass-shell, the expressions (/f— ^ 2 )(^ — m + ze) -1 7 M and 7 #1 (/f— m-H'e) -1 
(/— / 2 ) cannot be further simplified. Also, the parameter /? introduced in the 
FS gauge propagator does not play any role in simplifying the whole expression. 


72 



Accordingly, S' does not vanish off the mass-shell. On the mass-shell, however, 
(jf— fii){$ — m + *e) -1 reduces to unity and leaves a factor u(p 2 ) 7 M «(pi)- Such 
factor can also be obtained in the second term. In this case cancellation between 
both terms depends on the rest (exponential and delta functions) and indeed occurs: 

S’ = 0. (5.6) 

In most diagrams that we will come across, simplifications also happen in a 
similar way on the mass-shell. In the first order of vertex corrections, for example, 
it takes place between all three possible diagrams. This will be shown below. 



S[ = e 3 f dp f dq f dx f dy f - m + ie) 1 /4(y)(^-m + ie) _1 x 

Yu{pi) >G^(x, z) 

= ^Jrff^JdpJdqJdyl izgjfi, k, d t , z)v(p 2 ) 

[(/- A)(j< - m + ie) -1 A(y)(d- m + 

S(p 2 -p + /? k)e iy ( p - q } +iz ( q - pi ) 

- rn + ie)- 1 /4(y)(^-m + ie) _1 (/i- ti) 

S(q -pi + fik)e iy ^ +iz ^-^]u( Pl ) 

= e 3 frff^fdpfdpf dzg„(ff, k,d k ,z)V(p,)x 

[ / 4(t/)(^- m + ie)- 1 zyvjyfa-r+ffl+Wp-Pi) 

m + ie)’ 1 / 4(j/) e 'Mp-Pi+W+«‘-(K-p)] ?i (p 1 ). 

(5.7) 

- 

P2 y q x,p p z, v pi 

Figure 5.4 

S' 2 = e 3 f dp f dq f dx f dy f dzu(p 2 ) fl(y)(j{- m + iey^tf — m + ie)~ x x 
7 v u(pi )e“(«-rt+*'»(»-9)+“b’-»)G^,(z, z) 
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-e 3 /i°° f J f dp f dq f dy f dzg l/ (P,k,d k , z)u(p 2 ) A(v) x 

e «'y(P2-9)+«2(?-Pi +Pk) x 

{(4~ m + ie )~ l [(4~™) - {j-rn)](j—m + ie)- 1 Yf>(q-P + fib) 

+(4-m + i€.)- x Y{t-™ + it)-' l ('t- /fi)S(p — Pi +fik)}u(p 1 ) 
_ e 3 Jfcf dpf dyf dzg^P, k, d k , z)u(p 2 ) Aiv)^- m + «0 _1 * 

^u{pi ) e '^ 92 -p+0 k )+*z(p-pi) . 


(5.8) 




p 2 x,p p z,v q y Pi 
Figure 5.5 


S' 3 = e 3 f dp J dq f dx f dy f dzu(p 2 )j ,1 (tf — m + ie) 1 'f(4-m + ie) *X 
4(y)w(Pi)e ,x(w_p)+, '" (, " Pl)+ " (p_,) G , , lt/ (x,z) 

= e 3 f? f I dp J dq f dy f dzg u (P , *, d k , z )u(p 2 ) e ^-Pi)^-9+Pk) 

{(/*- -m-\-ity 1 i u {4-m + ie)~ l 8{p 2 - p + pk) 

+ ie) _1 [(^- m) - (j/- m + ie) _1 6(p- q + /?&)} 

4(pMpi) 

= e 3 fi~¥fz&fd P fdyf dzgM k, d k , z)u(p 2 )rU - m + ie)' 1 x 

4(y) u (pi) e,s ' (p-pi+w ' , " z(p2-p) - ^ ; 



51 = 


Figure 5.6 

e 3 f dp f dq f dx f dy f dzu(p 2 )yu(pi)TT(4- m + 

( - m + *'e) _1 4( 2 ) e ’* (p2_Pl )+*M p-?)+«(9-p) Q '^( x? y ) 
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= e 3 /r dpf^fdpfdqfdyf dzg v (p, k, d k , y)e x 
{u{p 2 ){fii~ /f 2 )u(pi)Tr(^- m + — m + fe) _1 x 

, Kin , 

(5.10) 

+w(p 2 )7* / u(pi)Tr(^- m + «'e) _1 [(^- m) - (^- m)](fi-m + ie ) -1 
<5(p - q + 0k)e iy ( p2 ~ Pl )} £(z) 

TTL S q 

We obtain 

S' = S[ + -” + .S; = 0. (5.11) 


5.2.2 Calculations in Coordinate Space 

Instead of (5.3) computations in coordinate space will be based on 

G'^{x,y) = d^fi^x, y) + d u f 2 „(x, y)- ( 5 . 12 ) 

This has advantages. Firstly, when the derivative, say d Xfi , meets the Dirac matrix 
7 * 1 it is possible, for some expression, that a form like ( 6 X + im)SF(x — y) is 
generated on the mass-shell whereupon it will simply reduce to the Dirac delta 
function 8{x — y). Another benefit comes from the functions fi^x, y) and / 2/i (:r, y), 
which sometimes produce cancellations due to the symmetry property f\^{x,y) = 
f2n(y,x). 

In this section we will start with truncated diagrams, i.e. diagrams without 
external lines, and then cast them into a form such that when external lines are 
added to the diagrams one can find immediately their simple form on mass-shell. 

Truncated Diagrams 

All truncated diagrams will be written into forms like [-(fix + fix)'] or 
['{fix + fix)S f(x — y)-] where the dots are given just to recall that when we turn 
to the corresponding completed diagrams we just put external (fermion) fields on 
those dots. The usefulness of the above expressions is that on the mass-shell those 
forms will reduce to vanish or to Dirac delta functions. Here we will use notation: 
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directed derivatives such as and $ x do not act on photon propagators, 

/i#»(*»y) and hn( x iy)- 

1. Electron self-energy 



x,fi y,v 

Figure 5.7 


e -2 E'(x, y) = [-YSf(x - y)Y']G'^(x, y) 

= -[•(?* + @x)S F (x - y)Y-]hn{x,y) 

-[■YS f (x - y)(p y + 



2. Vertex corrections 

x,fi z,a y,v 
Figure 5.8 

-ie~ 2 r' 1 ff (x, y, z) = - z)YS F {z - y)Y-]G'» v (x, y) 

= ~HPx + Px)S F {x - z)YS F {z-y)Y-\hv{x,y ) 
-[•7 #i 5F(a: - z)YS F {z - y)(J y + fi y )-]hn(x, y). 




x,fi z, a y,u 
Figure 5.9 

-xe“ a ra (x, y , z) = [YSf(x - z)YS F {z - y)Y-]G'^(x, z ) 

= -[•(?* + Px)S F {x - z)YS F {z - y)Y-\hv{x,z) 
-i{-Y[S{x - z) - 6(z - y)]S>(x - ybM-Mx, z). 


i.e. on 


(5.13) 


( 5 . 14 ) 


(5.15) 
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x,fi z,c y,v 
Figure 5.10 


-ie~ 3 T £(*, 2/, z) = [-YSf{x - z)t*Sf(z - y)Y-]G' ai/ (z, y) 

= -i{-Y[f>{ x ~ z ) ~ s ( z ~ v)]Sf(x - y)Y-}hv( z , y) ( 5 - 16 ) 
-[■YS f {x - z)YSp{z - y)(p y + ? v )']Mz,y). 



Figure 5.11 

-*e _a r7(*, y, z) = [’YTiS f (z - y)YSF(y - z)Y-\ G>(x, y) 

= ~nK + MTtSf(z - y)YS F {y - z)Yfi»(x,y) (5.17) 
-[• Mx,y)-]TTS F (z - y)(fly + ? ,)S F (y - z)Y. 

On-shell Diagrams 

Results in the previous section are used to evaluate the corresponding (on mass- 
shell) diagrams. 

1. Electron-electron scattering (Born term) 


y,y 


x,n 

Figure 5.12 

S' = —ie 2 J dxf dy${x)Y'!>{ x )'l’{y)l v 'l>{y)G' lll ,{ x i y) 

= ie 2 f dx f dy ^(ip(x)[(0 x -im) + (ft x +im)]ip(x)^-4>(y) fi(x,y)ip(y) 

+ ^(*) M x ,y)H x ) (^{y)[{% -im ) + ($ y +im)]if>(y) S J J 

ms q 

(5.18) 
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2. Electron self-energy 


zn 


x,fi y, v 
Figure 5.13 

S' = fdxf dyip(x)T,'(x, y)ij>(y) 

= -e 2 fdxfdy ^(x)( ^ + $ x )S F (x - y)^(y)^ fi»(x, y) 

+ x)YS f {x - y)($ y + ^)V’(y)] 

= 0. 


(5.19) 


3. Vertex corrections 



= -ie fdxfdyf dzip(x)T'[ (x, y, z)A a {z)ip{y) 

— —e 3 f dx f dy f dzA a {z ) 

{[v>(x)( + p x )S F (x - z)j a S F (z - y)Y^{y)]f\u{x, y) 

+${xh* t S F {x - z)YS f (z - y)(p y + py)il>(y)]h»(x,y)} 

= *e 3 fdxfdyf dz{rp(x)6(x - z) fl(z)S F (z - y) f x {x,y)^{y) 

-?(*) M**y)Sr{x-z) M z ) s ( z - y)V»(y)}- 

, , 1 - 

X,fi z,<7 y,u 

Figure 5.15 


S 2 = -ie fdxfdyf dz^x) T 2 (x,y, z)A„(y)ip(y) 

= -e 3 f dx f dy f dzA„(y) 

[j>(x)(@ x + fi x )S F {x - z)YS f (z - yh u ^(y)\fiu(x, z) (5.21) 

+*{?(*)7 /i [% ~ z )~ K z ~ v)] s f(x - yfr'WiOJ.M*.*)} 

= ie 3 fdxfdyf dz${x) / 2 (x, z)S(z - y)S F (x - y) A{y)Hv)- 
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X,fi z,cr y,v 
Figure 5.16 

S 3 = —ie fdxfdyf dz$(x)T% ( x , y , z)A^(x)tp(y) 

= —e 3 f dx f dy f dzA^x) 

i{[il){x)y[ 8 {x - z) - 6 (z - y)]S F (x - y)y^(y)]f\u{z, v) ( 5 - 22 ) 
+[r/>(x)yS F (x - z)yS F (z - y)(fl y + ft)^(y)].M*,y)} 

= -ie 3 f dx f dy f dzif(x) /\.(x)S(x - z)S F (z - y) fi(z,y)1>(y). 



S' 4 = -ie fdxfdyf dzrj>(x)T'f ( x, y, z)A a (z)ip(x) 

= -e 3 f dx f dy f dzil>(x){(fi x + ft x )Tr S F (z-y) fi{x,y)x 

S F (y - z)y (5.23) 

+ Mx, y)TrS F (z - y)($ v + p v )S F (y ~ z)y}A(z)xl>{x) 

ms q 

Hence we have the same result as in momentum space (obviously): 

S' = S' 1 + S' 2 + S' 3 + S ' 4 = 0. (5.24) 

5.3 One-loop Corrections in Scalar Electrody¬ 

namics 

Computations in scalar electrodynamics are basically similar to those in spinor 
electrodynamics and require little elaboration. 
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5.3.1 Calculations in Momentum Space 


1. Meson-meson scattering (Born term) 


?2 V, v qi 



P2 x,(i pi 
Figure 5.18 


5 " = -ie 2 f dxdy( P i + p 2 Y(qi + qiYG'^x, y ) e ix (r>2-Pi)+iv(92-<n) 

= ~ie 2 f jr A 00 f / dy[(q i + *, ft, lO(rf - rf)- 

S(p 2 ~Pi + /3k)e ty ( q2 - qi '> + (p <-> 9 )] 

ms q 

2. Meson self-energy 


(5.25) 



■Si = e 2 JdxJdyJ dp(p 2 + pY(p + Pi) v {p 2 - m 2 + ie) 1 G , /il/ (x, y) 

e ix(p 2 -p)+iy(p-pi) 

= e 2 f ^ /“ f- f dy f dp(p 2 - m 2 + *e) _1 M/?, k, d k , y)(p + piY(p 2 - p\)- 
S(p 2 - p + /3k)e ,y ( p ~ pi '> + (p <-> -p, pi <-> -p 2 )] 

= 2e 2 / jr /r d/3 f dyg v {(3 , *, a fc> y)*^*"-"**). 



55 = ^fdye^-^G^y) 

= -2e 2 f JY d/3 f dyg u {(3 , *, y)*V»0*-»+W 

We have 

5' = Sj + S£ = 0 . 


(5.27) 

(5.28) 
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S[ = e 3 f dx f dy f dz f - 2 _^ +l - t / p Jfa fo + p) m (p + g) g (? + Pi) M *( z ) 

G' (x, y ) e *^(P3-p)+iy(9-Pi )+**(p-?) 

= e 3 !^f?fl dy I dz f f K ft, 2/) 

[(p 2 - P2XP + ?)"(? + Pi)"£(P2 - P + 0 k)e ,y ( q - pi)+ ' 2 ( p - q) 


~(P *-»■ -9, Pi -P 2 )] 

= e 3 /^ fr f/dxj dy J 7 &&A.{z)gM> *, ft, x) 

\{p + P2 + / 3 ky(p + pi y e Mp-pi)+iy(p2-P+P^) 

-(p + Pi - fikYtp + p 2 ) , 'e {x l p *-ri +iy ( p - p ' + M}. 



-*--- 1 -i- 

p 2 x,p q z,u p y,a p x 


(5.29) 


Figure 5.22 


S’ 2 = e 3 f dx f dy f dz f pi _% +li f q i_% — c {P 2 + qY{q + p)"(p + PiYA a {y) 

G 1 u (x, z)e ix ( p2 ~ q ^ +iy ( p ~ pi ) +, 2 ( 9 - p ) 

fe„(/3, t, dk, x)(g 2 - pl)(p 2 +p + Sk)“{(p 2 - g + /3i)e il( ’ ,- ’' + ' ,1) + 


(? «■*-«, P2 *-» -p)] 

= e 3 / J,/r f ! Sx S 3y S 

+ p 1 )V x ( p 2 _p+ W +iy(p_Pl) + 

(p + P2)' 1 (p + Pi + pkye' 1 ^ -ri+**(p-n +P*)]. 


(5.30) 
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P 2 y,c V 9 Pi 

Figure 5.23 


S 3 = e 3 fdxfdyfdzf I + pY(p + g) M (g + PiYMv) 

Q>^x, z)e' x ( p - g ) + ' y ( p2 ~ p ) +iz ( q ~ pi ) 

= <?S^h ;r f fix Idyl jr&mMvW, *> a*, 1 ) 

[2/?fc p (p + P2 ) CT e ,;i: ( p - pi - p+ W +, ^ P2 - p )+ (5.31) 

~(p + Pi) M (p + P 2 - jdkye ix ^ p ~ Pl )+*l / ( p 2 -p+P*)]. 



p 2 p x,p Pi 

Figure 5.24 


S' = -2e 3 S < bSdvS 7 ^r^M+nYA^y)G',,(x,y)e < ^n)+i,^-A 

[gj.0, k, di, ?/)(;«! - p 2 )S(p - Pi + /?fc)e' I '( pi-PI+ ^+ 

0 / dxg ft (0,k,dk i x)k t ,(p + Pi)' i e ,p ( p-pi ) +,p * p3-p+ ^] 

=' 2e 3 / dy f Jr /” f A"(j,) {[ S „(/9, k, 9 k , y)e‘^,-p, +OT) 

- J«Er / prfes.lA i, ft, *)j8fc(p + p,)<‘e“< p - p ')+«(»- p +®)} . 



P 2 X,/X p y,v Pi 
Figure 5.25 


S 5 = — 2 e 3 fdxfdyj p2 _% +ic (p + P 2 YA v {y)G' tlu (x, y)e ix ^ p)+,!, ( p Pl > 

= 2e 3 fdyf^ f~ f A '(y) {[-*(/?, *, d k , y)e iy ^- p ^ k ) (5.33) 

-fdxf ^ i+u gM k, d k , x)Pk„(p + p 2 ye ix (P 2 - p )+ iy ( p - p i +P fc )} . 
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Figure 5.26 


-e 3 fdx fdyf + nY A„(y)<r"G‘ r Jx, xy^-rt+i*™) 

-2e 3 f dx fdyf f £ /” f A'(y)(p + p,)* <,„(/?, k, d k , x)^ 

e »x(p2-p+/9fc)+»y(p-pi)_ 



(5.34) 


Figure 5.27 


-e 3 fdxfdyf jxS+rAv + P 2 )’ AJy)g-G'Jx, x ) e «r-n»*n-r) 
-2 e 3 fdx fdyf f f A,(y)(p + t, 9,, x)fik“ 

e «x(p-p! +^i:)+ty(p 2 -p) _ 



■fr- - - 

P'2 X,fi pi 


(5.35) 


Figure 5.28 


e 3 fdxfdyf dzf ^cS+i 7 / f-ib+u fa + P 2) M (9 + ?)"(? + 

e 3 fdyf dzf f ^hi7 f 3 ST fM*)(P + ?)'e~ (9 " p) 

fc, d*, j/){(Pi - Pa)(? + pYSfa ~ Pi + 0fc) e ' v(p-,) + 

[(<? 2 — m 2 ) — (p 2 - m 2 )](pi + p 2 ) l '£(p — 9 + /?&)e ,p ( p2-pi )} 

e 3 fdyf dzf S JT fMz)9*{P, *, d k , y){ Pl + ptfe^^ 

[( 2 p + fik) 9 e^ kz - ( 2 p - 0ik) a e- ipkz ] 


0 . 


(5.36) 





p 2 X, fl pi 

Figure 5.29 


Sg = 2e 3 fdxfdyfp Z g^(p 1 +p 2 ) fi A , '(y)G' lll/ (x,y)e ,x ( p2 

= 2e 3 fdxfdyf pi _% i+u C Pi ~ Pl)A u (y)fiu(x, y) (5.37) 

= 0 . 

Adding Si, S 2 ,- ■ • Sg we obtain 


S' = S[ + • • • + S' 9 = 0. 


(5.38) 


5.3.2 Calculations in Coordinate Space 

Truncated Diagrams 

As in spinor electrodynamics, directed derivatives do not act on fi^(x, y) and 
/ 2/1 (x,y). Surface terms will be omitted and indices p, v and er in derivatives are 
attached to variables x , y and z respectively. Thus = d Xfl , d v = d yv and d a = d zu . 
1. Meson self-energy 



x,p y,v 

Figure 5.30 

—e~ 2 '£[(x,y) = [• d p S B (x - y) d u -]G'^(x, y) 

= -{-[n x - n x ]S B (x-y) d u -}fi„(x,y) 
-{• & S B (x - y)[n y - n y ]-}f 2 n(x,y). 


(5.39) 



*,y 
Figure 5.31 

-e- 2 S' 2 (x, y) = g**[-6(x - y)-]G^(*, y) 

= [• S(x - y)-]f 2fl (x, y) - [S(x - y) d v -\fi v {x, y). 


(5.40) 
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(5.41) 


S '(x,y)= Si (s, y) + S' 2 (a:, y) 

= c 2 [•(□"* - t5‘r)<S , B(a: - y) S*' •]/i^( a; > »)+ 
e 2 [- & -y)(D*j, - fiy)-].Mz,y)+ 

K(* - y) d u -]fiv(x,y) - [• ^ <5(a; - y)-]/ 2/1 (ar,y). 


2. Vertex corrections 



*e 3 r^(s, y, 2 ) = 


[■ d» S B (x - z) d° S B {z - y) d u ']G’^(x, y) 

-[•(^ - - 2 ) d a Sb(z - y) d u -]fiv{x,y) 

-[• & Sb(x -z)d° S B (z - y){n y - S y )-]f 2fl (x, y). 


(5.42) 



Z,<7 V,V 
Figure 5.33 


it 3 T"(x,y,z) = 


[■ d* S B {x - z)d a S B {z - y) d u -]G^(x, z) 

-K°s/ “ &x)S B (x - z)d a S B {z - y) d v -]f ltT (x,z) 
+[■ d* S B (x - z)(p 2 - 5 z )Sb(z - y) d v -}f 2fl (x,z). 


(5.43) 


x,y, z,o y,v 
Figure 5.34 

ie- 3 T'z(x,y,z) = [• d* S B {x - z) d° S B {z-y) d v -]G£„(*r,y) 

= -[• d M S B {x - z) d a S B (z - y)(t=fj, - fi y )-]f 2a (z, y) (5.44) 
-[• & S B (x - z)[p z - S z )S B (z - y) d v • ]fiv(z,y ). 
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>v 


ie 3 T'^(x,y,z) = 


Figure 5.35 

g^l8(x- z)S B (z -y) d v -JG^je.z) 
[■{& 8{x - z))S B (z - y) d v -]f 2 n(x, z) 
-[•£(& - z) d° S B (z - y) d v -]hc{x, z). 

A 


(5.45) 


ie 3 Y's(x,y,z) = 


Figure 5.36 

g ua [ & S B (x - z)8(z — y)-]G' av (z,y) 
-[■($* S B (x - z))S(z - y) d v -]/i v(z, y) 
+[■ & S B (x - z) d a 8(z - y)-]f 2 <r(z, y). 


(5.46) 


ie 3 T'e{x,y,z ) = 


Figure 5.37 

2 g v °[- & S B {x - z)8(z - y^G'^x, z) 

-2g vo {-[U x - □ a; ]5'j5(x - z)8(z - y)-}f X(T {x,z) 
—2g vc [■ & S B {x - z)(d° + d a )8{z - y)-]/^(x,«). 



ie 3 r!T (x,y,z) = 


Figure 5.38 

2 g^[-8(x - z)S B (z - y ) d v • ]G' ev (z,y) 

-2g^[8{x - z)S B (z - y)(ti y - S y ).]f 2 „( z ,y) 

-2g^[8(x - z){d a + d a )S B (z - y) d v -]hu{z,y). 


(5.47) 


(5.48) 
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w 

x}n 

Figure 5.39 


ie 3 T£(x, y, z) = [• d" ■]G' lll ,(x,y)[(d‘'SB(y - zj) d a S B (z - y)- 

S B {y - z)) & d v S B {z - y)\ 

= [‘(^i — ^x)’]/ii/( a; } y) x 

[{d v S B {y - 2 )) d° S B {z -y)- S B (y - 2 )) d a d v S B (z - y)]. 

(5.49) 


m(") 


x,yi 
Figure 5.40 

ie~ 3 Tg (x, y, z) = 2[- & -IG^x, y)g V(r S B {y - 2 )% - z) 

= 2[- -]5 B (y - z)5(y - 2 )y‘ /<, [^/i„(x, y) + 0„/ 2# .(®,y)] 

= 2[-(fi‘ r - Q‘ a .)-]5B(y - z)S(y - z)g v,7 f lu (x , y)+ 

[* ^ ']5b(s/ - 2 )% - z)g V(r d u f 2ll {x , y). 

(5.50) 


On-shell Diagrams 

Examining the truncated diagrams it is obvious that each of the corresponding 
completed diagrams consists of terms containing factors like 

(f(x)[O x - 0115b( x - y) or S B (x - z)[D z - Cl z ]S B (z - y). 

Difficulties in simplifications off the mass-shell are caused by those factors since 
they cannot be brought into simpler forms. On the mass-shell, on the other hand, 
those factors may be simplified into Dirac delta functions. As a result cancellations 
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may and do take place in this case. A summary of the computations will be given 
below. 

1. Meson-meson scattering (Born term) 


y,v 



X,fl 

Figure 5.41 


S' = ie 2 Jdxfdy4> t(x) d ** <f>(x)^(y) d v (j>{y)G'^( x , y) 

= ie 2 JdxJdy4> t(ar) d* <f>(x)^(y) <i>(y)[dji u {x,y) + 5„/ a#l (:c, y)] 

= -2ie 2 ^ dx j dy{<^{x)d ,l <}>{x)<^(y)[(p y +m 2 ) - (ff v +m 2 )]<£(y)}/ 2/i (x, y) 

ms q 

(5.51) 


2. Meson self-energy 


Figure 5.42 

S[= f dx f dy^(x)X[(x,y)<j>(y) 

= -e 2 /dx/dy{-^t(a;) fll* £(a; _ y)4>{y)f 2 ^{x,y) (5-52) 

+<£t(x)6(x - y) ^ ^(y)/i^(*,y)}- 




x 


Figure 5.43 

S' 2 = fdxf dy<ft{x)Y,' 2 {x, y)<f>{y) 

= -e 2 f dx f dy{^(x) d tl 6(x - y)<f>(y)hv{ x , y) (5.53) 

-<^t( x )5(x - y) d v <f>{y)fiv[x,y)}. 


88 





S' = S[ + SJ = 0. (5.54) 



Figure 5.44 


S[ = fdxfdyf dz<ft(x)T‘f (x, y, z)<f>(y)A a (z) 

== -ie 3 fdxfdy f dzA„(z){[<ft (x)8(x - z) d a Sb(z - y) d u <f>{y)]fi„(x, y) 
~[<t>h x ) & S B {x -z)d° S(z - y)<j>{y)\f2»{x,y)}- 

(5.55) 



x,/i z,a y, v 
Figure 5.45 


S' 2 = fdxfdyf dz<ft(x)T'Z (x, y , z)<f>{y)A u {y) 

= -ie 3 f dx f dy f dzA v (y){[<t>^(x) d* S B {x - z)8(z - y) d v <f>(y)]fm( x ,z) 

—[^t(x) & S(x - z)Sb{z - y) d v <f{y)\fnXx, z) 

+[^t$(x - z) d a S B (z -y)d v <f>(y)\f 1<7 (x,z)}. 

(5.56) 



x,n z,cr y,v 
Figure 5.46 


S' 3 = fdxfdyf dz<j>\x)T'f (x, y, z)(f>(y)A ll (x) 

= -ie 3 f dx f dy f dzAp{x){-[<f> t(x) d* 8(x - z)Sb(z - y) d v 4>{y)}f\„{z,y) 
-[^t( x ) & S B {x -z)d° 5{z - y)<f>(y)\f 2 a{z, y) 

+[^>t( x ) S B (x - z)6(z - y) d v <i>{y)}fw{z,y)}. 

(5.57) 


89 




fdxfdyf dz<fi {x)T'Z (x, y, z)f>(y)A u (y) 

—ie 3 f dx f dy f dzA„{y){[(j)^{x) & 6(x - z))S B (z ~ y ) d u <]>{y)\hn(x,z) 
-[^t(x)^(x - z) d a S B (z - y ) d v <f>(y)]fio(x, z)}. 

(5.58) 



x z,y 
Figure 5.48 


fdxfdyf dz<fA (x^ (x, y , z)<j>(y)A tl (x) 

—ie 3 fdxfdy f dzA, 1 {x){ — [(f^{x) 5^ S B (x - z))S(z - y) d v 4>{y)\hv{z,y) 
+[<^(z) & S B (x -z)d° 6(z - y)<£(y)]/ 2( r(z, */)}• 

(5.59) 



x z,y 
Figure 5.49 


= f dxfdy f dzcj )t (z)Fg (z, y , z)<t>(y)A l/ (y) 

= -ie 3 fdxfdyf dzA u (y){2g ua (ft ( x)8(x - z)S(z - y)(f>{y)fi<r(x, z)+ 
—2g l/<T [<f>^(x) & S B (x - z)^ + d")8(z - y)<f>(y)]f 2 n(x, z)}. 

(5.60) 



Figure 5.50 

= fdxfdyf dz(f >t (x^ (z, y, z)(j>(y)A ll (x) 

= -ie 3 f dx f dy f dzA ll {x){-2g il,r 4>\x)8{x - z)8(z - y)4>(y)f 2 <r(z,y) 
-2g^[^(x)8(x - z)(d° +d°)S B {z-y) d u 4>{y)f lu (z, y)}. 


(5.61) 







Figure 5.51 


S' 8 = fdxfdyf dz^(x)T 8 (x, y, z)<f>(y)A a (z) 


(5.62) 



Figure 5.52 

S' 9 = fdxfdyf dz^(x)T'f (x, y, z)(j>(y)A a {z) 

( 5 . 00 ) 

ms q v 7 

The first order of vertex corrections is then given by 

S'= -ie 3 f dx f dy f dz<fi (x)<f>(y) 

[Fj r (x, y, z)A c {z) + (x, y , z)A l/ (y ) + rj (x, y , z)A fl (x) 

+T'f (x, y, z)A v {y) + T'f (x, y, z)4„(x) + (x, y, z)A v {y) 

+r?(®, y, z)^{ x ) + r s (*, y, z)A a (z ) + Tg (x, y, z)A a {z )] 

= Sl + S'i + S^ + S'i + S's + S's + S'r + S's + Sl, 

= -ie 3 f dx f dy f dz{-[</> t(x) ^ S B {x - z)d° S(z - y)<j>{y)]f 2 fi {x,y)A (T (z) 
+[<?it(s)5(x - z) d a S B {z - y) d v (f>{y)\fi„{x, y)A <r (z) 

+[^t(x) d 1 * S B (x - z)S(z - y) d v <f>(y)]f 2 n(x, z)A„{y) 

-[<^(x) d " 6(x - z)S B (z - y) d v <£(y)]/i„(z, y)A^(x) 

-2[?!>t( x ) & S B (x - z)(<9* + d°)8(z - y)<t>(y)]f 2 li (x , z)A„(y) 

-2[^(x)8(x - z)(d° + d°)S B {z - y) d u (j>(y)]f ll/ (z,y)A l7 (x)} = 0. 

(5.64) 
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5.4 One-loop Corrections in Quantum Chromo¬ 


dynamics 

The equivalence between the electron-photon vertex in quantum electrodynam¬ 
ics and the quark-gluon vertex in quantum chromodynamics can be seen easily from 
relationship 

— e «-» g(T a )ij. (5.65) 

This equivalence leads one to infer that, neglecting the group factors, the quark- 
quark scattering and the quark self-energy diagrams are equivalent to the electron- 
electron scattering and the electron self-energy diagrams. Hence we can conclude 
that, like in quantum electrodynamics, the correction G' abl11 '(x, y) gives no contri¬ 
bution, on the mass-shell, to the quark-quark scattering and the quark self-energy. 

However the same conclusion does not apply to the sum of the four diagrams in 
the first order of the vertex corrections 



Figure 5.53 


This is because the group factors for each diagram are different due to the noncom¬ 
mutativity of the group generators. However, these are not all of the diagrams in 
quantum chromodynamics. To first order the vertex correction require three other 
diagrams contributed by the three-gluon and four-gluon vertices. 
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Therefore we have to work out these seven diagrams combined and see whether the 
same conclusion of the previous calculations will also apply. These corrections to 
the vertex and the gluon self-energy are the last calculations of the thesis. 

First order corrections to the three-gluon and four-gluon vertices (see figures 
5.55 and 5.56) have not been carried out in this thesis because the calculation is 
even more formidable and needs considerably more effort. The complication arises 
from diagrams that contain three and four gluon propagators. But we are hopeful 
that the same conclusion of on-mass-shell equivalence also holds here. 

Three-gluon vertices 



Four-gluon vertices 






Figure 5.56 

Before we go into detailed computations for each diagram considered let us take 
notice of the Feynman rules in quantum chromodynamics. Firstly consider the 
ghost vertex. in the ghost vertex equals dff) and x u in the Lorentz gauge and 
the FS gauge respectively. This vertex vanishes in the FS gauge because = 0 

and therefore all diagrams containing ghost fields/propagators can be disregarded 
in scattering calculations involving external vectors. The second consideration is 


93 



about the three-gluon vertex. In the case when all three wavy lines in the three- 
gluon vertex represent external gauge fields, the corresponding ig f abc Vj^ ,b ' c \d x ) in 
momentum space may be readily obtained and is just 

igf abc V^ b,C) ( k ) = - 9 f abc [g^(k 1 - k 2 ) p + g vp {k 2 - h) p + g pp (k 3 - ki)„]. (5.66) 

If one (or more) of the wavy lines is replaced by the FS gauge propagator, 
V^'p' c \k) will necessarily be more complicated. This is because unlike propagators 
in the Lorentz gauge that can be formulated as 

G ab ^{x, v) — j dkf ab ^(k) exp[-ik{x - y)} (5.67) 

the general form of the FS gauge propagator is more complex, 

G ab ^(x,y) = JJJ dadf3dkf ab,1L, (a, x, y, k) exp[—iakx + iflky]. (5.68) 

The amplitude / a6/u/ is still a function of space-time coordinates and thus V^’ b,c \k) 
isafunction of k , dk as well as integrations over a and (3. Accordingly, complications 
of V^' b ' c \k) in the FS gauge lead to difficulties in evaluating perturbative calcula¬ 
tions in momentum space. We avoid such difficulties by only taking perturbative 
calculations in quantum chromodynamics in coordinate space into account (where 
the gauge condition looks more natural). We start with truncated diagrams before 
extending them to mass-shell diagrams. 

5.4.1 Truncated Diagrams 

The first four diagrams can be obtained by the use of the previous results in 
quantum electrodynamics. We have 
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Figure 5.57 

-ig- 2 T c f in (x, y, z) = [.y*(T°) fi SQj*(a; - z)Y(T c ) k iS Q i m (z - y)Y(T b ) mn -] x 

G£,(*,v) 

= (F) + (T a T b T c + if cbd T a T d )in 

{-Hi + i)Sp(x - *yfS F (z - y) fi b (x,y)-] 

-[■ f% b (x,y)SF(x - z)YSf(z - y)(fty + $,)•]}. 

(5.69) 



Figure 5.58 

-ig- 2 T C 2 in( X , y i Z ) = - y)7' / (3 nc )mr l -] X 

££(*.*) 

= (F) + (T a T b T c )i n 

{-[•(?* + - 2) /“ 6 (x, 2)^(2 - 2 /) 7 * / ‘] 

-*[• /£*(*, *)[H X ~ Z )~ % - Zpb - yb"-]}- 

(5.70) 



x z y 

Figure 5.59 


2 r 3^ n (® 5 y, z) — [- 7 ^(J 1 c ) ijl S , Qjfc(x z)~/ cr (T a )kiSQi m (z y )7 (T ),„„•] x 

G a X{ z ,y) 

= (F) + (T a T b T c )i n 

{-i[-Y[8{x -z)- S(z - y)]S F (x - y) f?{z,y)-] 

-[•'fS F (x - z) f} b (z, y)S F (z - y)(p v + ?„)•]}. 

(5.71) 
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(0 T w 

Figure 5.60 

-W~ 2 T C 4 in (x,y,z) = [-7 '‘•](T°) iw Gj(*,y) 

Tr[*?Qjfc(2 - y)7‘'(r 6 )wSQ im (y - 

= (F)-|^(T“) tn [.(^ + i)-]x 

Tr5j?(z - j/) /“ 6 (aj, y)S F (y - 2 ) 7 *] 

-|( T °)«n[- / 2 C (^, 2/)'] — 2/)(^, + fi y )S F {y-z)Y 

(5.72) 

The terms (F) in each above diagrams stand for the Feynman gauge version of the 
corresponding diagrams. Now we turn to diagrams contributed by the three-gluon 
vertex. We just transcribe the final result given in the Appendix G here. The first 
diagram is 


(c,cr) 



Figure 5.61 


-ig~ 2 Tr in (x,y,z) = f ced V^ d ^(d 2 )[-Y(T%S Q3l (x - y)Y-){T b )i „ 

Gl e a (x,z)Gf l/ (z,y) 

= ( F) + f ced (T a T b ) in Oi d+e Wx (5.73) 

{GfpAzM f 2 *( x *z)S F (x - y) 7 "-] 

-[■YSf{x - y) ft b {z,y)'\Gl e p(x, Z )} 
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(5.74) 


_ycerf( T a T b) in y(- t e,d)a a p(d z ) X 

{/£(*» [■(?« + ftr)S>(* - yb*-] 

+/ 2 l9(^y) G ^( a: > z )[-7' i ^F(a; - y)(ft, + ft,)-]} 

_fced( T a T b). n0 (dWfdb( z , y) x 

[’ /“(*> z)S F (x - y)(ft, + ft,)-] 

+f ced( T a T b). n[S * _ z -(^)-l 5 (e)] x 

{[• f% d (x,z)S F (x - y)Y']8 eb (z - y) 

- y) /?(*, y)-]* ae {z ~ *)}- 

The last diagram contributed by the three-gluon vertex is 



Figure 5.62 


n^*, y ) = ^ 2 /“ ce y( o - c ' e )^ A (9 x )/ 6 ^y( 6 - f - d )^(^)G^(x, y )G e / g (x, y ) 

= (F) + (ghost) 

+\g 2 f ace f bfd {0\" [F(-- c ’ e )^ A (^) (G? x (x,y)f*{(x,y) 

~ G e / X<7 (x,y)ff p (x,y)) + Oi e ^*ftZ(x,y)f*{(x,y)] 

+0? \-VG'iW°(d y ) {GfMy)flkx,y) 

~ G e J pg (x,y)f£(x,y)) + O^ 1 ' 6 f£(x, y)f[ s e (x, y)] + 

+V v \vG^)»p\d x ) (f e 2 {(x,y)(dy)-'d$8 cd (x - y) 

~ f% i P {x,y){dy)- 1 dy\8 ef (x - y)) 
+2((dy)~ 1 6 ef (x - y))0~ l d£6 cd (x - y) 

- x ,1 ((dx)- x 8 cd (x - y))(dy)~ l 8 ei (x - y )] 

+x , { V (-J,W°( dy) [ff a ( x , y )(dx)- x dip^(x - y) 

- nl{x,y)(dx)- x d$6‘ d (x- y )) 

+2 ((dx)~ x 8 cd (x - y))U- x d v y 8*l(x - y) 

- y‘'((dx)~ 1 8 cd (x - y))(dy)~ x 8 eS (x - y)] 

+2 [2 - g^dW" - g^d^f^x, y)8 cd (x - y)} . 

(5.75) 
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Here (ghost) in y ) equals 

(ghost) = g 2 f ace f bd lp-'dZ8 cd (x - y)][n; l d^(x - y) 


(5.76) 


= jy,u 

Figure 5.63 

It is quite interesting that II“ i ’ M1/ (x,y) in the FS ghost-free gauge contains im¬ 
plicitly the ghost term associated with the Feynman gauge. 

The contribution of the four-gluon vertex is 



(5.78) 


!!&,(*, y) = y 2 W£?J(x - y)G edpa (x, y) 

= ( F) 

\K‘\x, y)6 pd (x - ,). 

(5.77) 

Thus we have a part (the other part is contributed by fermion loop diagram) of the 
gluon self-energy 

i 

n^x, y) = nf^(x, y ) + nf^(x, y ) 

= ( F) + ( ghost)+ 

y) + OFHg'Hy, x) 
y) + x p H? p ' p (y, *)] 

where 

= OM'Vffe VWI(*,V) 

+V (-^..WA (d,){G%(x,y)f 1 l(x,y ) - G-AJH^v)} 
Hf”*(x,y) = V<-^»{d,)[r 2 {(x,y ) (dy)-'a„6 cd (* - v) 

y)(3y)~'d y xS ,t (x -!/)] 
+2[(3i/)-M' / (x - »)]□ ;'d p S ed (x - y) 

— x^dz) -1 ^! - y)\[{dyY 1 S cl (x - y)]. 


(5.79) 
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Note that (F) + (ghost) above is nothing but the gluon selfenergy y) 

in the Feynman gauge. Finally the last two diagrams of the first order correction 
of the quark-gluon vertex are combined into 



r« B (*» z ) = r 6i«n(a; 5 y> z ) + r& n (*, y, z) 

= ( F) + (ghost) + i[-Y-](T s ) in d z J^(z,x)H ab ^(x,y) 

+ig 2 f ace f bfd M(T s ) inG%(z, x) x 

[0 ;<, H ^( x ,y) + Or< e/ "(y^) + y^Ht^y)]. 

(5.80) 


5.4.2 On-shell Diagrams 

Gluon self-energy 

The gluon self-energy in the FS gauge consists of three diagrams below 





Figure 5.66 

The first diagram is gauge propagator independent. It is also gauge independent 
because of transversality of its truncated diagram. This means that this diagram 
in the FS gauge is exactly equal to that in the Feynman gauge. According to the 
previous result, equation (5.78), it turns out that the last two diagrams equal the 
same diagrams in the Feynman gauge plus the ghost terms 
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Figure 5.67 


because 

A(y)-y = 0 (5.81) 

and 

0™A„(y) 0. (5.82) 

Since the gluon self-energy in the Feynman gauge is transverse, see for example 
[Mut 87], we conclude that the equality leads to the transversality of the gluon 
self-energy in the FS gauge, as already anticipated. 

Quark-gluon vertex corrections 

Now consider the first three diagrams depicted below 



Figure 5.68 


It turns out that the terms in equations (5.69), (5.70) and (5.71) which each 
has factors T a T b T c are proportional to equations (5.14), (5.15) and (5.16) in spinor 
quantum electrodynamics respectively. As a consequence, because the sum of those 
terms in quantum electrodynamics vanishes on the mass-shell, the only term in the 
three above diagrams that give a contribution on the mass-shell is the term in (5.69) 
which has group factors f cad J' a T d = f ced T a T b 8 ae 8 db . Accordingly 
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Si + S 2 + S 3 = ig f dx f dy f dzrpi(x) 

[rjinO r,y,z)A c (r (z) + T b £ n (x,y,z)A b l/ (y) + T^ n (x,y,z)Al(x)]^ n (y) 

= (F) + 9 3 {f ced T a T b ) in fdxfdyjdz 

{$i( x )t ae ( x ~ z ) A c ( z )Sf(z — y) ft (x, y)ipn{y)] 

~[^i( x ) /rfoyJ-M* - z) A c ( z ) sdb ( z - y)^n(y)]}- 

(5.83) 

Similarly, since the second term of T^^rc, y, z ) in (5.72) is proportional to (5.17) 
and thus does not give any contribution to S 4 on mass-shell, we have 



Figure 5.69 


S 4 = (F). (5.84) 

Now we come to the last three diagrams. Their details of calculation can be 
seen in the Appendix G. The final results are given as follows. 
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Figure 5.70 

S 5 = ig f dx f dy f dz^ i (x)Tf in (x,y,z)A c a (z)tj; n (y) 

= (F) - g 3 f ced (T a T b ) in fdxfdyf dzA c c {z)V^ d ^{d z ) x 

{2*7ia(*» Z )Gfv{ Z , y)^i(x)6{x - y)Y$n{y) 

z )f$( z , y)fa(x)( & +im)6(x - y)^ n (y)} 
+g 3 f ced (T a T b )i n fdxfdyf dzAl(z)Oi d ^x (5.85) 

2 if$( z , y)$i{x) f?( x , z )K x - y)^n{y) 

-g 3 f ced (T a T b ) in fdxfdyf dzAl(z) 

{-■0,•(*) f? e ( x , z)S F (x - y)Yi>n(y)ti db (z - y) 

+ffi{ x )l a S F {x - y) f? b (z,y)tp n (y)8 ae (z - x)}. 

The last 



S 6 = ig f dx f dy f dztp i (z)T b 6 l ' in (x,y,z)Al(y)^ n (z) 

= ( F) + {ghost) - ig 3 f ced (T a T b ) in fdxfdyf dzA^z^fx) x 

{_ 2 V(-' e ’ d W(d z )6(x - y)YGf u {z, y)f£(x, z) (5.86) 

+26{x - y)0{ d W f?(x, z)f db (z , y) 

_ V (-*A)°*P(d z )[(fl y —im)8{x - y)\f£( x ,z)f$( z ,y)}il> n (y ). 
Remember that (ghost) is the ghost contribution in the Feynman gauge: 


Figure 5.72 
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Summing up equations (5.83)-(5.86), we get 


S — Si + s 2 + s 3 + s 4 + s 5 + s 6 

= (F) + (ghost). 


To conclude: off the mass-shell, all QED diagrams considered in the FS gauge are 
different from those in the Feynman gauge. The correction G'^x^y) is responsible 
for it. These correction terms, though they are quite complicated, contain helpful 
factors like 

*l>( x )(Px + P*)Sf{x - y) and S F {x - z)(ft z + fi z )S F (z - y) 
in spinor QED and 

^(s)([T a , - £$ x )Sb{x - y) and Sb(x - z){S z - ^ z )Sb{z — y) 

in scalar QED. Such factors will reduce to Dirac delta functions on the mass-shell. 
This reduction leads to cancellations in the correction terms. As a result both the 
FS gauge and the Feynman gauge are identical on mass-shell 

(selfenergy == (selfenergy);? 

(vertex)F 5 = s (vertex)/?. 

The same conclusion holds for quantum chromodynamics. One interesting point 
here is that since the FS gauge is ghost-free while the Feynman gauge on the 
other hand contains ghost loops the above equality means that when one shifts 
the FS gauge into the Feynman gauge ghost terms in the Feynman gauge emerge 
automatically. Diagramatically 
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gluon selfenergy 



Figure 5.73 


quark-gluon vertex corrections 



Figure 5.74 


104 


Bibliography 


[Bai 86] 

[Del 76] 
[Itz 80] 

[Kum 86] 
[Mut 87] 

[Pas 84] 

[Ryd 85] 


D. Bailin and A love, Introduction to Gauge Field Theory, Adam Hilger, 
(1986) 

R. Delbourgo, Rep. Prog. Phys. 39, 345-99 (1976) 

C. Itzykson and J. B. Zuber, Quantum Field Theory, Mc-Graw Hill Inc, 
(1980) 

W. Rummer and J. Weiser, Z. Phys. C31, 105-110, (1986) 

T. Muta, Foundations of Quantum Chromodynamics, World Scientific, 
(1987) 

P. Pascual and R. Tarrach, QCD: Renormalization for the Practitioner, 
Springer-Verlag, (1984) 

L. H. Ryder, Quantum Field Theory, Cambridge University Press, 
(1985) 


105 



Chapter 6 


Conclusion 


6.1 Summary 

In Chapter 2 we reviewed the derivation of inversion formulas together with their 
sufficient and necessary conditions both in Abelian and non-Abelian gauge theories. 
These formulas then were employed to obtain the so-called FS gauge potentials for 
some classical configurations. We found that in electrostatics the FS vector potentials 
are nonzero whereas (like the familiar Coulomb gauge) there are no scalar potentials 
in magnetostatic systems. One important result is that since according to the inver¬ 
sion formula the FS gauge vector potential depends on time in the language of FS 
gauge potentials electrostatic systems are-no longer static! In addition, the FS gauge 
potentials in systems of plane electromagnetic waves are not plane waves. The fact 
that scattering of charged particles due to the FS gauge potential is identical to the 
Coulomb scattering lets us conclude that the FS gauge potentials (as expected) do 
not produce any (new) physical consequences. 

Chapter. 3 is the starting point of the discussion on quantum field theory. Green 
functions which play an important role in quantum field theory were derived in co¬ 
ordinate space in two different gauge fixing terms of Lagrangian = ~jx(G • A) 2 
and Cgjr 2 = C{G-A) T jC 2 and where G M or n^ in the Lorentz, FS and axial 

gauges respectively and C is an auxiliary or Lagrange multiplier field. The Green’s 
function derived by the use of is the most familiar one. It is a 4 x 4 matrix 
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and thus it only contains (fi, i/)-elements. The last Green’s function is a 5 x 5 matrix. 
Besides (/*, i/)-elements there are (//, 4) and (4, //)-elements. These last two elements 
are called the unphysical part of the Green’s function since they are not found in 
scattering matrices. Accordingly the (y, i/)-elements are contained in the physical 
part of the Green’s function. We showed that the first Green’s function is equal to 
the physical part of the second Green’s function. This equality is understood since in 
the generating functional Cgjr 1 is effectively equal to 

The symmetry properties of the Green functions or propagators were found to be 
Gab( x , y) — Gba(v, %)■ In the case when A = 0 the physical component of the Green’s 
function has another property: it is orthogonal to G fl . The derivation of the physical 
part of the propagator, for A —> 0, in “momentum space” from that in coordinate 
space was based on the above symmetry and therefore the resulting propagator did 
not lose its symmetry. Our derivation is a definite improvement on what Kummer 
and Weiser [Kum 86] did. They did not make use the symmetry property from the 
beginning and as a result they found that the symmetry does not obviously appear 
in their resulting propagator; this forced them to propose new propagators G^x^y) 
which obey the symmetry. 

In Chapter 4 the local gauge and the BRST transformations were reviewed. The 
BRST transformations were derived by the use of Cqf 2 . Based on the local gauge and 
BRST symmetries of Lagrangians the Ward-Takahashi, Slavnov-Taylor and BRST 
identities were then derived. 

The fact that the FS gauge is a ghost-free gauge was demonstrated in the first 
section of the chapter. Since the ghost fields in ghost-free gauges like the FS gauge 
may be disregarded the BRST identities in such gauges can be simplified into the 
Slavnov-Taylor identities or the non-Abelian version of the Ward-Takahashi identities. 
However, the content of all these identities, such as the transversality of the gauge 
field self-energy, naturally remains the same. 

Investigations on up to one-loop diagrams in spinor and scalar quantum electro¬ 
dynamics and quantum chromodynamics were done in Chapter 5. We found that 
in scalar and spinor quantum electrodynamics the extra propagator G'^x^y) contri- 
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butions disappear on mass-shell and leaving only the terms containing the Feynman 
gauge propagator Gfhi,(x, y)- Therefore as far as the mass-shell perturbation calcula¬ 
tions are concerned, the FS gauge theory is equivalent to the Feynman gauge theory. 
This is hardly surprising. The same conclusion is also true for quantum chromo¬ 
dynamics. Here, extra diagrams contributed by ghost fields in the Feynman gauge 
are contained in the FS gauge propagator and the transversality of the full gluon 
self-energy is in agreement with the BRST identity. 

We anticipate that the conclusion holds (on mass-shell) to all order of scattering 
matrix but highly complicated nature of FS calculations indicates that it is better to 
consider the Feynman gauge rather than the FS gauge in perturbation calculations. 
However some properties of the FS gauge such as the inversion formula may make it 
useful for certain nonperturbative computations. 


6.2 Outlook 

The conclusion obtained in Chapter 5 is based on the lowest order diagrams we 
have considered. Thus it is essential to justify whether this conclusion also well applies 
for (at least up to a few) higher order diagrams. Of course this is not an easy task. 
The easiest task is, perhaps, to examine the first order three-gluon vertex correction 
which remains to be done. 

The investigations are based on the propagator with A = 0. It would be quite 
interesting if computations are carried out by making use of propagators with a 
general value of the gauge parameter A and discover what role the gauge parameter 
term plays in perturbation theories. As in the axial gauge, [Cap 82, Lei 87], the final 
results will of course be more complicated. We are confident that in the limit A —> 0 
the final result will shift to the result found in Chapter 5. 
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APPENDICES 


no 



A General Notations 


Summation over repeated (Greek or Latin) indices is understood. Units with 
c — fi = h/2n = 1 are used throughout the thesis. 

Metric tensor: 

10 0 0 

0-100 
0 0-10 
0 0 0 -1 

Four-vectors: 

x* = ( t,x,y,z ) = (a; 0 , x 1 , x 2 , x 3 ) = (a; 0 , x) 

Gradient: 

V = ( fa? ’ dx* ’ di? ) 

9, = jf; = (9o,V) 

Divergence and curl: 

V-A= ft* 



B l = (V x AY = e ijk djA k 

Levi-Civita tensors: 



1 if (ijk) is an even permutation of (123) 
—1 if it is an odd permutation 
0 otherwise 




tpi/pa 


1 if (fivpcr) is an even permutation of (0123) 
—1 if it is an odd permutation 
0 otherwise 
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Electromagnetic field tensor: 


F» v = d ti A u - d u A» = 


F 0 ' = -E'\ 


F ij = e ljk B k 


B Identities Relating to Operators d^ and 

First we list important formulae and later we indicate their proofs. 


Ifs = 


dfiv = 
dG = 

G»(dG + a) ±l = 
d^dG + a)* 1 = 
= 

□ GftGv = 

aidG + a)* 1 = 


1 if = ^ 

0 if G* = or 

G^di/ 4" IfsQuv 
- Gd + 4 Ifs 
-- (dG + a-Ips^G 1 * 

-- (OG + a + Ips)^ 

-- G M n + 27 F5 ^ 

= GfiG^o + 2Ips{d tl G v + G^dv) 

-- (8G + a + 27 FS ) ±1 n 


G^d- 1 = □- 1 G M + 2/ fs d _2 ^ 


GfiGyO 1 — 

G^G^o -1 = 


G 2 a _1 = 


(13) (aG + a^D- 1 = 

(14) G' z 8(x - x') = 

(15) G*8(x - x') = 

(16) ( d'G ' + a) ±1 <5(a: — x') = 


□ 1 C? M Gv + 2 Ips^ 1 (d fl G l/ + G^d^O 1 
n-'G^G* + 2 Ip S u-\d»G v + GM 
+87 F s n_3 9 /i 9 1/ 

□ - 1 G 2 + AIpsGdo- 2 
□ -2 G >1 + 47 fs D -3 ^ 

□ -1 (9G + a + 27 F s) ±1 
GH{x - x') 

+G"8(x - x') 

±{dG±a-tfps) ±1 8{x-x') 
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where the upper sign of (=f) or (±) in the coefficient of the righthand side of the last 
two equations is given for the Lorentz gauge and the lower sign is for the axial and 
Fock-Schwinger gauges. Note that a is a number. 

Proofs 

(1) and (2) obvious. 

(3) (dG + a - / F5 )G M ( = } (Gd + a + 3/fs)G m 

— G v (G ll d u + Ifs9hi>) + G>(a + 3 /fs) 

= G^Gd + a + 4/ fs ) = G^dG + a). 

Multiplying both sides by (dG + a — Ifs)~ 1 from the left and (dG + a) -1 from the 
right the above identity is converted into 

G^dG + a)" 1 = (dG + a - 7 fs) _1 G^. 

(4) d»(dG + a) ( = } (dG + I FS )d^ + ad* = (dG + a + / F s)^. 

The same multiplication as in (3) leads to 

(dG + a + I F s)~ 1 d >l = d»(dG + a)~\ 


(5) 

no. S 

P) 

d t '(G il d„ + I F sg^u) 

(G^dv + I F sg^)d u + I F sdft = G^o + 2 I F sd^.. 

(6) 

oG^Gu — 

(G^O + 2 I F sdfj)G v — + 2I F sdv) + 2 I F sdgG t 


— G^G^o + 2I F s(d ll G l/ + Gpdv). 

(7) □ (dG + a)* 1 ( = } d»(dG + a + I FS ) ±l d» ( = } (8G + a + 2 I FS )& □. 

(8) Multiplying D _1 from both the left and right on both sides of (5) we have 

= □- 1 G„ +2I FS V- 2 dti. 

(9) Same treatment as (6). 

(10) = (9) according to (8). 
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(11) 

211 II 

'w' 

1 

□ 

CN 

(5 

□ _1 G 2 + 2/ FS n- 2 (5G + Gd) + 8/ fs d- 2 
□ -1 G 2 + 47 F5 °“ 2 5G ( = } D-'G 2 ± 4/ FS G5a- 2 . 

(12) 

G^D- 2 ( = } 

(□- a G M + 27 FS n- 2 5/i)a- 1 = □- 1 (d- 1 G m + 27 F5 n~ 2 5^) 
±27 F5 cr 3 5/i = D" 2 G^ + 47 Fs a- 3 d[i. 


(13) Same treatment as in (8) for (7). 

(14) and (15) obvious. 

(16) {d'G' + a)S(x - x') { = ] (=F d'G + a)6(x - x') = (t Gd ' + a)S{x - x') 

( = 5) ( ±G3 + a)8{x - x') = (±(5G - 4 I FS ) + a) 

8(x — x') 

= ±(5G ± a — 4 Ifs)8(x — x'). 

Multiplying ±( 5(7 ± a — 47 F 5) -1 (5'G' + a ) -1 on both sides the identity becomes 
±(5(7 ± a - 4Ifs)~ 1 8(x - x') = ( d'G ' + a)” 1 ^* - x'). 
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C Special Unitary Group SU(N) 

The generators T a are hermitian and traceless, a = 1,2,3, • • ■, N 2 — 1. They 
obey the Lie algebra 

[T°, T b ] = if abc T c 

where f abc are the antisymmetric structure constants. Other useful relations are 

{T a ,T b } = jjS ab + d abc T c 

T a T b = ±6 ab + \d abc T c + \if abc T c 

d abc = 2 Tr[{T a ,T b }T c ]. 

Traces of product of generators: 

Tr[T a ] = 0 

Tr[T a T b ] = \6 ab 

Tr[T a T b T c ] = \{d abc + if abc ) 

Tr[T a T b T c T d ] = ^S ab S cd + \(d abe + if abe )(d cde + if cde ). 

Jacobi identities: 

[T a , [T 6 , T c ]] + [T b , [T c , T a ]} + [T c , [T“, T 6 ]] = 0 
[T a , {T b , T c }] + [T 6 , {T c , T a }] + [T c , {T a , T b }] = 0 


or 


yo6e ycde _j_ Jcbe jdae _j_ yd&e J ace — Q 


Jabe^cde _j_ jcbe^dae jdbe^ace _ Q 
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D Inversion Formulae and Their Conditions 

D.l Derivations of identity Oi-^f{ax) = x • d x f(ax ) 

For any function f(ax ) in n dimensional space x = (x 1 , x 2 , • • •, x n ) with an arbri- 
trary parameter a one has 

a i- /(Qx) = or^/M = (1) 

where s = ax and i = 1,2, • • •, n. 

D.2 Derivations of conditions for inversion formulae in non- 
Abelian theories 

We start from equation 

d„A u (x) - dvA^x) = F^(x) - I daa 2 x /? [^F #lv (ax) + ^F^(ax) + dlFp^ax)] 

JO 

with d'p = \dp. In non-Abelian gauge theories the left-hand side of the above equation 
is not equal to F fll/ (x). Adding —ig[Afj.(x)^A v (x)] to both sides of the above equation 
one has 

d„A v {x) - 3„i4„(x) - ig[An(x), A v (x)\ 

= -ig[A fl (x),A l/ (x)\ +F^(x) (2) 

- Jo daa 2 x^[d^F /J1/ (ax) + d^F^ax) + d' v F Ptl (ax)}. 

The commutator can be written as follows 

[A^(x),A 1/ (x)] = J 0 1 da£a 2 [A M (ax),A J ,(ax)] 

— Jo daa{2[A l J < ax),A l/ {(xx)\ -f- a^[A^(ax), Aj,(ax)]}. 

By recalling the Fock-Schwinger gauge condition x ■ A = 0, A M (ax) and A„{ax) in 
the first term on the right-hand side can be written as 

—A M (ax) = ax 13 d'^A^ax) 
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while, according to the identity (1), a ^ in the second term can be replaced by 
xpdP = x'pd'^. Equation (3) now reads 


[j4„(s), A v (x)\ = fj daa 2 x )3 {-[d' ll Ap(ax), A„(ax)] - [A^ax), d' u Ap{ax)] 

+dj 3 [A fi (ax), A^ax)]} 

= Jo 1 daa 2 x p {-[d' ll Ap(ax) - d'pA^ax), A„(ax)] (4) 

~[A tl {ax),d' l/ A p (ax)\ - d' p A v (ax)]} 

= fo daa 2 x 0 {[F Ptl (ax), A v {otx)\ - [A^{ax),F u p{ax)}}. 

Inserting (4) into (2) one has 

dpAyfe) - d^A^x) - iglA^x), A„(x)] 

= F^x) - fo daa 2 x /3 {dpF flu (ax) - ig[Ap(ax), F /ll/ (ax)\ + d , /J F l/ p(ax) 

( 5 ) 

-ig[A fl (ax),F„p(ax)\ + d^Fp^ax)] - [A l/ {ax),Fp ll {ax)]} 

= F^(x) - ff da^x^lDpF^ + D^p + D v Fp tl ]{ax) 

where 

DpFfiu = dpF, v ig[Ap, 

Equation (5) agrees with the Bianchi identities 

[DpF^ + D^Fvp -f D u Fpf\ = 0. 


D.3 Validity of A a {x) = fj dXF„ v (S)^-§, 

The inversion formula 


A 4x) = l d XF AS) —— (6) 

is only for abelian theories [Cor 84]. The derivation of necessary and sufficient con¬ 
ditions of the inversion formula (6) is as follows. Applying derivatives on A„(x), one 
has 



dF^jS) dS p dS» dS v 
dS p dxP dX dx a 


d 2 s» ds* 

+ ^ b) dxPd\ dx“ 


+ 


FUS) 


dS» d 2 S l/ \ 

dX dx^dx a J * 
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Therefore 


& a / \ a „ , x f 1 \dF, v {S)ds» (dS'ds" dS“ds v \ 
d p A a {x) d a A p (x) -J q dA| ^ flA dx“ dx?) 


+ 


/ d 2 S p dS v d 2 S p dS“ 

\dx^d\dx a dx°dX X? 

The first term on the right-hand side may be written as 

dF liV (S)dS 11 fdS p dS l/ dS p dS u \ _ (dF^S) dF pp (S)\ dS» dS p dS v 
dS p dX \dxPdx° dx°dxPJ-\ dSf + dS» ) dX dxP dx a 



= (?' P FAS) + ff^S) + d'MS)) 


dS p dS p dS u 
dX dx 13 dx a 


where d' p = g|r. 


In consequence, 


dF up (S ) dS p dS u 
dX dx 13 dx a 


dpA a (x ) - d a Ap(x ) 


= £ " { (WS) + WS) + VMS)) + 

/ d 2 S p dS v d 2 S v dS p \ dF pv {S) dS p dS" } 
[dxfidXdx* + dx a d\ xp ) + dx dxf* dx«J 


: £ d\ { {V,F„(S) + %K P (S) + VMS)) 


dS p dS p dS u 
dX dx& dx a 


+ 


d 

dX 


F^S) 


dS p dS v 


dx 13 dx a 


= F„ a (x) + £ i\ (VMS) + &M(S) + VMS)) 


dS p dS p dS v 
dX dx 0 dx a ' 


This final result states once again that the Bianchi identities 


d P F pv + dpFyp + d v F ptl — 0 


are the necessary and sufficient conditions for the inversion relation (6) to hold. 


D.4 Expansions of A^x) 

The expansion formula for A p (x) follows the work of Shifman [Shi 80]. Consider 
the inversion formula 

A^x) = — f daax v FA ax ) (7) 
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F fll/ (ax) in the integrand can be Taylor-expanded around x = 0 

OO 1 

F^(ax) = 0) + E -(^) ai • • • («*)“" K • • • & an FA<*x)\ ax = 0 ) 

n=l n ‘ 

00 <v n 

= ^(0) + E -r^ 01 •••*“’ (8) 

n=l 

where . After replacing F^ax) in (7) by series (8) integration over a can 

be done easily. The formula (7) becomes 

1 00 I 

M*) = -x»F„( 0) + E -T 7 — , oT ^ 1 • • • ■ • • daMO). (9) 

2 n=l n! ( n + 2 ) 

The ordinary derivatives in (9) can be replaced by the covariant ones 
1 00 1 

A-n( x ) — 2 X>/ F u ^( 0) + E n \^ n -f 2) X 1 x "Dai ‘' ‘ F an F l/fJ ,( 0) (10) 

because in the FS gauge the identity 

x ai x an d ai ■ ■ ■ d an F vli (0) = x ai ■■■ x an D ai • • • D an F Ufl ( 0) (11) 

holds. 

The proof of identity (10) is as follows. Consider the following expression 

x ai x a2 ■ • • x an [d ai d a2 ■ ■ ■ d an F vtl {x) - D ai D a2 ■ ■ ■ D an F ull (x)}. (12) 

The equation (11) holds automatically if expression (12) vanishes for every n. For 
n = 1 

® ai [d ai - d ai + igA ai ]F vll (x) = igx ai A ai F Ufl (x) = 0 
because x • A = 0. For n = 2 expression (12) reads 

x x \d ai d a2 (d ai d a2 1 A a2 igA ai d a2 g A ai A 0 , 2 )]F , I/ ^(®). 

The last two terms vanish because of the gauge condition. The remaining term also 
vanishes 

x a 'x Q2 d ai A a2 = x ai (d ai x ■ A - 6%Ac,) = 0. (13) 
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Thus (12) is also zero for n = 2. By the use of (13) it can be easily shown that for 
n = 3 the remaining term has the form x" 1 x" 2 x a3 <9 0l d a2 A Q3 . However, this is also 
zero 

x a 'x°>x a *d ai d a2 A Q3 = x a ix a *{d ai x a >d a2 -8%d a2 ]A a3 

= x ai x a2 d ai d Q2 x • A — x ai x a3 d ai A a3 — x a2 x a3 d a2 A a3 = 0. 

(14) 

The similarity between identities (13) and (14) enables us to prove (11) for higher n 
by mathematical induction. Suppose that this expression holds for n 

x ai x 0 ‘ 2 • • • x an x p d ai d a2 • • • d Qn A/s(x ) = 0. 

Accordingly, for n + 1 

x ai x 0 " 2 • • ■ x an x anJrl x p d ai d a2 --- d a „d an+1 Ap(x) 

= x ai x 012 • • • x“ n+1 d ai d a2 --- d an+1 (x ■ A) 

-x ai x a2 ■ ■ ■ x“" +1 [d ai 3 a2 • • ■ d an A an+1 (x ) + d ai --- 5 0n _ 3 5 an+1 A a „(x) 

+ • • • T d a2 d a3 • • • d an+1 A a j (x)] 

= 0. 

Thus expression (11) is true for all n and therefore expansion (10) is valid. 

D.5 Two other derivations of the inversion formulae 

We may derive the inversion formulae by two other ways: by employing Stokes’ 
theorem [Dur 82] and by using the language of differential geometry [Bri 81]. Both 
derivations will be given below for completeness. 

D.5.1 Stokes’ theorem methods 

Relationships between potentials A M (x) and their field strength tensors F^(x) 
based on the Stokes’ theorem are given by expression 

f A»dx» = J F^dr^ 

where the line integral is along a closed path C and the surface integral is over a 
surface S around C. For our purposes it is sufficient to choose a closed path C as 
depicted below 
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Now the line integral reads 

£ A ti {x)dx^ L = A^(x)Ax IJ '+ A^aix'jx^Aa-i + A fi (a2x)x ,i Aa2 + ■ ■ ■ 

— A^x + Ax) (x + Ax) m Aqi — A m [c*i(x + Ax)] (x + Ax) m Aq 2 

= A^{x)Ax tl 

subject to the gauge condition x • A(x) = 0. Note that every pair of paths such as 
AB and CD does not give any contribution to the integral because of their opposite 
directions. The final result tells us that the only path which contributes to the 
integral is the base Ax'*. On the other hand the surface around the above closed 
path leads the surface integral into 

J F^ u (x)dr ,1 ‘' = F^(a 1 x)(x‘ i Aa 1 )(a 1 Ax‘ / ) + F fil/ (a2x)(x )1 Aa 2 )(a 2 Ax‘ / ) H- 

N 

= ^2 ctiActiX* 1 Ff lt ,(ctix)Ax 1 '. 
i= 1 

If we divide the surface into infinite number of trapezoids the integral becomes 

/ F^dr^ = [ daax u F liV (ax)Ax 1 ' = — f daax 1 'F /ll/ (ax)Ax* 1 . 

Js Jo Jo 

Equating both expressions one arrives at the result 

r i 

An{x) = — dacex 1 ' F^ax). 
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D.5.2 Differential geometry 

The derivation is based on a choice of a region called a star-shaped region [Spi 65]. 
A star-shaped region S C R n is a set of x £ S with conditions As G S' for 0 < A < 1. 
Now if a? is a closed m-form on the star-shaped S, that is dw = 0, then, according to 
Poincare lemma [Spi 65], u is exact, i.e. ui can be written as w = dfl with O is an 
(m — 1) form on S. In a star-shaped region fi can be defined as 

m 

n = ho= £ £(-l) r_1 / daa m ~ 1 x ir 

l<«l<>2<-"<»m<n r=l 0 

(jJi 1 ...i m (ax)dx' 1 A • • • A dx r A • • • A dx tm 

where the hat symbol over dx ,r indicates that it is omitted. The above expression 
can be applied to gauge field theories since in the language of differential geometry 
the gauge field strength tensors are closed (see for example [Ryd 85]): 

dF = 0 

where 

F = F^dx* A dx v 

0<>i<j/<3 

and according to the Poincare lemma 

F = dA 


with 


In integral form 


A = Apdx 11 . 


yielding 


A = IF = ^ f daaF llv (ax) (s M ds" — x u dx >i ) 

0<ft<v<3 

= — f daaF fll/ (ax) ( x tl dx v — x v dx tl ) 

2 Jo 

— — daa.F tlv {otx)x v dx 11 

Jo 

A^x) = — f daax v F^ax). 

Jo 
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E Fock-Schwinger Gauge Propagators 


E.l Propagators with Cg? = — • A ) 2 

The inverse propagators are given by 

G~ iabtu, (x,y) = [Ug^ - W ± ^G^S^x - y). 

A 

The general form of the corresponding propagators must be 

G ab ^(x, y ) = [Ag^ + d^B + + dAGTD + G tl d u E\8 ab (x - y) 

with are in general functions of d M and G^. These quantities can be 

solved by the use of identities 

]tsGr'*“(x, v )(%.{v,z) = 6£6‘%x - z). 

We get, after integration over y, 

8£6(x -z)= [n^T - d»d v ± iG^WAg^ + d u d a B + G v G a C 

+d„G a D + G u d a E]8(x — y) 

= {□ A6£ + uG*G a C + uG»d a E - d»d a A - d»d ■ GG a C 
-d»d • Gd a E ± \[G»G a A + G^G • dd a B + G»G 2 G a C 
+G“G • dG a D + G >l G 2 d a E}}8(x - z) 

= {UA6* + G^G a [uC ± l(A + G 2 C{dG-3I FS )D - 2 I FS E)\ 
+d fi G a [2I fs C - (dG + I FS )C} 

+G»d a [2I FS C + DE± \((dG - 5 I fs )B + G 2 E)\ 

+d»d a [2 IpsE - A-(dG- I FS )E]}8(x - z) 

where we have used identities derived in the appendix B. We conclude that 

A = D -1 ; C= 0, 

A + (dG — 3 I F s)D — 2I F sE = 0, 

(□ ± \G 2 )E ± \(dG - 5 I F s)B = 0, 

—A — (dG — 3 I F s)E = 0. 
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Recalling identities in the appendix B we have 

E = -(<dG - = -n~\dG - I F s)~\ 

D = +(8G - - 2I FS n-\dG - Ifs)- 1 ] 

= -n-\dG-I F s)-\dG + I FS ), 

B = tA {dG - blps)- 1 ^ ± i(?2)(-n-i)(9G - I FS y 1 
= ±An -1 (3G ! - 3/ F5 )- x [a ± \(G 2 + 4 I FS u-'dG)\(dG - I FS y x . 

Accordingly 

dyjd v B = ±\n-'d tl d„(dG - S/™)" 1 ! 0 ± K^ 2 + ^I F s^~ x dG)\{dG - I FS y x 
= u-\dG - I FS )- x [±\{dG + ZlFsy'udpd* + (dG - 

2 I FS a~\dG - I FS y 2 d^G u + 4I FS n->(dG + I FS y 2 (dG + 2 I FS )d^d v 
d^G.D = -d^G u n~\dG - I F s)~ 2 (dG + I FS ) 

= -D~\dG - Ipsy'drGr - 2 I FS n~'(dG - I Fs y 2 d»G u 
-2 I Fs a~ 2 (dG + I FS y 2 (dG + 3 I FS )d»d v 
G„d v E = -G^n-ydG - Ifs)- 1 

= —□ ~ x (dG - Ifsy'G^dv - 2 I FS a-\dG + I Fs y x dpd v . 

Finally 

G ab ^(x, y) = [Agw + dWB + G»G V C + d»G v D + GWE\S ab (x - y) 

= a- 1 ^ - (dG - I FS y 1 (d tl G‘' + G> i d v ) + (dG - I FS y 2 d fi G 2 d 1 ' 
±\(dG - I Fs y x (dG + 3I Fs y x adW}6 ab (x - y). 

E.2 Inverse propagators when Cgr = CG • A + | C 2 

In this case the propagators are of the form 

G ab,iv (x, y) = - (dG - I F s)~ x (^G v + GW) + (dG - I FS y 2 d»G 2 d" 

±X(dG - I FS y l (dG + 3 Ifs)- 1 DdW}S ab (x - y), 

G abfl4 ( X , y) = (dG - 3 I FS y x dW b (x - y), 

G abAti (x,y)=^(dG)- x dW b (x - y), 

G ab44 (x,y)= 0. 
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In general the inverse of the corresponding propagators are 


y ) = [Ag^ + (d^G" + d'G^B + dWC + G^G V D]8 ab (x - y ), 
G~ iab,, \x,y)= G»E6 ab (x-y), 

G- iaU,, (x,y)= GW’ix-y), 

G~ iaM \x,y)= H8 ab (x-y), 

where are in general functions of G M and d^. These functions can be 

obtained by making use of identities 

j iyai L (x,y)G-^ LU {y,z) = Sjff^x - z) 

with K,L,M = 0,1, ■ • •, 4. More explicitly 

8(x-z) =f dyG 4 ^(x,y)G~ lM4 (y,z), 

0 = f d y G 4 »(x, y)G~ lli, '(y , z), 

0 dy[G Ml/ (x,y)G- ll/4 (y,z) + G fi4 (x,y)G- l44 (y,z)\, 

8%S(x - z) =/ dy[G^,(x, y)G~ lua (y , z) + G„ 4 (x, y)G~ l4a (y, z)), 

where G abKL (x,y) = 8 ab G KL (x,y). Now the first identity reads 

8(x -z) = ^(dG)~ 1 d fl G tl E8(x -z) = TE8(x - z); 

thus 

E = =fl. 

The second identity 

0 = ^(dG)~ 1 d il [A9 ,lv + + d v G^)B + frdTC + G f *G l 'D\8 ab (x - z) 

= (dG)~ 1 [d u (A + dGB + UC) + (□ G V B + dGG u D)\8(x - z). 

The third identity 

o = D- 1 ^ - (dG - / F5 ) _1 (^G t/ + G»d v ) + {dG - I Fs y 2 d' 1 G 2 d 1 ' 

±A (dG - I F s)-\dG + SI FS )~ 1 Dd^d l '}G‘'E8(x - y) + 

(dG — 3I FS )~ 1 d ll H8(x — z) 

= (dG - 3 IpsY'd^H ± XE)8(x - z). 
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Hence 


H = E = A. 

The last identity 

81 = □ - x { 9lu , - {dG - IfsT'^G,, + GM + (dG - IpsT'd^dv 
±X{dG - I F s)~\dG + 3 iFsy'odMiAg™ + {d"G a + d a G u )B 
+d u d a C + G v G a D} + {dG - 3 Ips^d^F 
= {A + B)8- + G fl G a D{dG-I F s)- 1 B 

+G tM d a [B - {dG - I FS )~ 1 (A + 2I fs + □<?)] 

+d^G a {B - {dG - / F5 ) _1 [A - B + {dG - 3 I FS )B 
=FA {dG + 3J F s) _1 ° 2 £ t A DD + OF] 

+{dG — Ifs)~ 2 [—‘^IfsA + G 2 OB — 4 IfsB 
—2IpsdGB - 2 Ifs^C)} 

+d tl d a {C + {dG - 3 Ifs)~ 1 [G 2 B - {dG - 5 I FS )C + {dG - ZIpsY'G 2 
{A + 2IpsB + 0(7) ± A {dG + Ifs)* 1 OA 
±4I FS \{dG + Ifs)- 1 OB ± A {dG + / F5 ) _1 0 2 C 
±2I FS XD + 2 I fs F] 

±XdG{dG - blFs)- x {dG - I F s)~ l B}. 

Thus we have 


The second identity agrees with this result. 

Now we have obtained all the quantities A,B,---,H. These lead to the inverse 
propagators (which can be read off the Lagrangian in fact) 

G ~ iab>lv { x , y) = {ag^ - d tl d' , )8 ab {x - y), 

G- l ° b, *{x,y)= T G»8‘ b {x-y), 

y) = G>*8 ab {x - y), 

G~ iaUi {x, y) = A 8 ab {x - y). 
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E.3 Symmetry properties of propagators 

Consider G abfil/ (x, x') 

G abt "(x,y) = u-^gi" - (dG - I FS )~ 1 (d^G 1 ' + GW) + (dG - Ip S )~ 2 d fl G 2 d 1 ' 

±\(dG - I FS )-\dG + 3I FS )- 1 ad )1 d l/ }8 ab (x - y). 

We have 

G ab ^(- x ,-x') = G ab ^(x,x') 

because d -1 , (dG — I F s)~ 1 d ll G u and d^G 2 d u are invariant under transformations 
x — * — x and x' — > —x'. Also 


Gll(x',x) = □'“{j„„ - (d'G’ - Ifs)-\KG'„ + G'„a;) + (d'G’ - IfsY'KG*^ 
±A (d'G' - I FS )-'(f/G' + ZI FS )- 1 o'd' t ,d' f }S‘ l (x - x'). 


Rearranging and making use of identities given in the appendix B, 

G%(x',x) = {□ - {d'G' - ZlFsT'm^ o'" 1 - 2 I Fs ar 2 d ’ ti ) 

+(G' l/ D , ~ 1 -2I FS o- i dl)d' ll ] 
+(d'G' - 3 I FS )- 2 d' u [G n n'- 1 -UpsG'd'n'- 2 ]^ 

±\(d'G' - ZI FS )- x {d'G' + Ips^dld'jS^x - x') 

= T {^Gydv ± d^Gv — 

(dG =F 3 I F s — 4 /fs) -1 

+[d ti G 2 d v =f 4/ FS n- 1 ^aG , a j/ ](±) 2 (5G =f 3/f5 - 4/ F5 )- 2 

±A(5G - 3/Fs) -1 (aG r + Ips)~ 1 dM6 ab (x - x') 

= n_1 {flV — \Gpdv + dfiGu ^I F s^~ l d^d^dG — I F s ) _1 

+[a M G 2 a, =F UpsO-'d^Gd^dG - Ips)- 2 
±\(dG - Ips)-\dG + ZIps)- l ndM8 ab (x - x>) 

= G ab v (x,x'). 

Such symmetry also holds for the nonphysical propagators 

G abtlA (x', x) = (d'G' - 37Fs) _1 a'^ 0& (x - x') 

= ^(dG)~ 1 d li 8 ab (x - x ') = G abi »(x, x'). 
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However 


G abti4 (-x,-x') = 

Hence we conclude that the symmetry properties of the propagators are 

G abKL (x,y) = G abLK (y,x), 

G ab ^(x,y)= +G ab ^(-x,-y), 

G ab ^{x,y)= -G ab » 4 (-x,-y), 

G ab4 »(x,y)= -G ab4 »(-x,-y). 

E.4 Fock-Schwinger propagators in momentum space 

The non-Feynman gauge part of the Fock-Schwinger gauge propagators in the 
case A —* 0 

<j?^(x, x') = D_1 [—(dx — l)“ 1 (5 # ia: l , + x^d u ) + (da; — \)~ 2 d^x' 1 d l/ ]8{x — x') 

can be written in the form of derivatives d ^ and d' fl of some functions as follows: 

G'^(x, x') = 0- 1 [-d li x„(dx - 1) _1 + (dx - l) _1 a:^5' + Ad^d^dx - l) -2 

— \{dx - l) _2 d M x 2 d' ]6(x — a:') 

= +5^[—□ -1 x J/ (5a: — l) _1 6(x — x') + |□ -1 x 2 5 ^/ (5x — l) _2 £(x — x')J 
+d'[n _1 (dx — l) _1 x /i 5(x — x') — |n _1 (dx — l) _2 5^x 2 5(x — x')] 

= djx^x, x') + d'/ 2 „(x, x') 

where 

fin( x , x ') 

ftufa O 


= —□ _1 x, 1 (5x — l) -1 £(x — x') + \u~ l x 2 df 1 {dx — l) -2 £(x — x') 

= -}-n _1 (5x — l) _1 x^(x — x') — Acr^dx — l)~ 2 d M x 2 £(x — x') 

= — 1 x'^d'x' — l) _1 6(x — x') + 1 x° d'JJd'x' — l) -2 <5(x — x') 

= h»{x',x). 
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Now 

d'Ji^x 1 , x) = d'J 2 »(x, x') 

= ipn-'^ax - l)- 1 + n-'dtfd'^dx - l)- 2 ]5(x - x') 

= hp-WA + JA + g^Mx- 1)- 1 

+n- 1 (x' 2 ^; + 2x;a;)(5x - i)- 2 ]*(x - x') 

= 5[ n “ 1 (-*i*^ + xJ,5I, +tf #t „)(9x - 1) _1 

+□" + 2x#)(0x - l)- 2 ]<5(x - *0 

= |[(-x M a -1 + 2n -2 d, t )d t ,(dx - 1) _1 + □ -1 (xJ t d' + g^)(dx - 1) _1 
+d-»(* - ^ + 2x'a;)(3x - i)- 2 ]<$(x - x') 

= [ix^Q-^^SV - 3)- 1 + n- 2 ^(5x - l)- 1 ]^ - x') 

+ §°" 1 [K^ + <^)(0x - l)- 1 + (x - ^ + 2x^X0* - l)- 2 ] 

£(x — x') 

= □ _2 5^3 1/ (5x — l) -1 <5(x — x') + |x /i n _1 5 1/ G 3 (x', x) 

+ 5 a_1 (x^' +^)Gi(x,x') + lD- 1 (x' 9 ^ + 2x' v d' ll )H 1 (x,x') 
where we have defined 

(dx — n)G n (x, x') = 8(x — x') 

(dx - n)~ l G n (x,x') = H n (x,x'). 

G n (x , x') and H n (x, x') may be obtained as follows. First of all we rewrite operator 
(dx — n) which acts on G„(x, x') as [xd — (n — 4)]. Then we introduce a parameter 
/3 by replacing x —> /3x. This gives 

[xd — (n — 4 )\G n (fix, x') = 6(/?x — x'). 

Now xd may be replaced by (3-^ 

[Pjp -(n- 4)]G„(/?x, x') = 6(px - x). 

Furthermore, we can change to parameter a = ^ 

—for— + (n — 4)]G n (—,x') — a 4 S(x — ax'), 
da a 

The left-hand side may be reduced to single term by multiplying a” -5 into the 
equation 

—a n ~ 4 G n (—,x') = — oi n-1 <5(x — ax'), 
da a 
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The last steps to obtain G n (x,x') come by multiplying both sides by e aS with 
6 —► +0 and then integrating over a from 1 to +oo. We have 


G n {x,x') = J dae aS a n 1 6(x — ax l ). 

H n (x,x') follows immediately 

H n (x, x') = (dx — n) _1 G n (x, x') 

= dae~ aS a n ~ l {dx — n)~ x 8{x — ax') 

= dae~ aS a n ~ 1 G n (x,ax > ). 

Particular n -values are 

Gi (x, x') = /r da e~ aS S(x - ax') = / dk da e -°s e -ik(x-*x') 

= 

H x (x,xf) = jf° </oe-«»G 1 (*,o*0 = 

= f dk dae~ aS \n a e~ ,k ( x ~ ax ') 

Gz{x,x') = / x °° dae~ Q5 a 2 £(x — ax') — J dk /“ dae~ aS a 2 

Now we have 

dlhn(x, x> ) = □ -2 d #1 d l ,(dx - l) _1 5(x - x') 

+| / /j 00 da e -ai5 lax tl k v e~ tk ^ x '~ ax ^ 

+ | / -qjr JTdae -0 " 5 [iax^ 1/ + — x*k^k^lna 

+2 iax^kn In a] e-**!*-®*') 

= □ _2 9 /J 9 1/ (5x — l) _1 <5(x — x') 

Si°dae~ aS iax ll k l ,e- ik ( ax - x '') 

+1 fi° da e~ aS [g^ + iax'Jz v + 2 iax'Jt^ In a 

—x^k^kvC? In a] e -**(®-“®'). 

Since ^/ij/(x, x') can be obtained from d'/ 2 ^(x,x') by replacements x «-* x' and 
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H v, the propagator G'^x^x') becomes 

G^(x,x f ) = [a-*dMdx - 1)- 1 + ri-’dldUd'x' - 1)-»]*(* - x') 
+1 / /“ dae~ aS giil ,(e~ ik ( x ~ ax ') + 

+ §/ “pr /“ + io;(l + 21na)x£,fc M 

—x^k^k^a 2 In a] 

+ | f fi° dae~ aS [—iax v k fl - ia(l + 2\na)x ll k l/ 

—x' 2 k ll k v a 2 In a] e - l K ax - x ') % 

The first term vanishes because of the equality 

□’ 2 &$„{&x' — l)-^(x — x') = — 2 d' fl dl(dx — 3) -1 6(x — x') 

= —(dx — 3 )~ l o'~ 2 d tl d lJ S(x — x') 

= -n- 2 dMdx-l)-H{x-x'). 


Hence 

G'^x, x')= \S-2fe /r dae- aS g^(e- ik (*- axr > + e -*(—*'))+ 

| f -zj? fi°° dae~ aS [iax' ll k l/ + m(l + 2 In a)x , l/ k fl 

—x 1 k^k^a 2 In a] e - lk ( x - ax ') 

\ I rp- fi° dae~ aS [—iax l/ k fl - ia(l + 2\n a)x ti k u 

—x^k^k^a 2 In a] e -> k ( ax ~ x '). 

More neatly rewrite 

/ dk 

-£5 l dfi [/„(/?, t, St, x')Ke-^ + g„(P,k, 6t, x)Ke illtl ] 

where 

UP, *, 9k, X) = ie-» {e'^glr + 6[fi - 1) A” dae~°‘- 

e ,akx [ia( 1 + 2\na)x, 1 — x 2 k lL a 2 lna]} 

9n(P, k, d k , x) = \e~ ps {e~ ikx ^ + 6(0 - 1) / x °° dae~ aS - 

e ~ iakx [—ia{\ + 2\na)x^ — x 2 k yL a 2 In a:]}. 

It is readily verified that 


9n(Pi k, dk,x) — fp(f3,k,dk,x) 
9v(P, k, dk, -x ) = f^p, k, d k , x). 
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F Local Gauge and BRST Invariances 

F.l The local gauge invariance of Lagrangians 

The infinitesimal local gauge transformatians 

— tp(x) — igT a A a (x)rf>(x) 

^'(x) = ^(x) + ig^(x)T a A a (x) 

A' m (x) = A^x) - T*D* b A\x) 

= UAJJ* - l -{dfl)U* 

where 

U(x) = 1 — igT a A a (x) 

D 4 = d„-igT a Al 
D ab = <5° 6 ^- gf abc Al 

lead to the field strength F Ml/ = D^A V — D l/ A tl and the covariant derivative of the 
fermion field D which transform into 

F^= UF^U* 

D'^'= UDrf. 

It follows that quantities such as F afll/ F* u , tpip and are invariant. Accordingly 

the quark-gluon Lagrangian 

£ 0 = - m)v> 

is invariant under the local gauge transformations (1). 


F.2 The BRST invariance of Lagrangians 

Consider the Lagrangian 


C = Co + Cgjr + Cp-p (2) 

with 

C 0 = ~\F° l/ F a ' 11 ' + - m)V> 

Cgr= CG-A + ^C 2 
Ctv= -X* a G»D ab x b 


132 



We wish to prove the invariance of the above Lagrangian under infinitesimal BRST 
transformations 

8ip(x) = ig9T a x a {x)tf>(x ) 

8ip(x) = —igip(x)OT a x a (x) 

6Al(x) = 6Dl» X b (x) 

6x a (*) = -l90f abc X b (x) X c ( x ) 

6 x *°(x)= 9C\x) 

6C a {x)= -±eG' 1 D° b x b 

where n = 0 when C is an auxiliary field, and n = 1 when 

C = -jG-A*, (4) 

i.e. when dgjr = — -y(G • A) 2 . 

As a matter of fact the first three transformations are essentially the local gauge 
transformations with A = —&X- Since £o is local gauge invariant it is also BRST 
invariant. Thus we need only to prove that Cqt + C-tv is BRST invariant. The 
variation of C,q? + Cjr-p under the BRST transformations is given by 


SCgjr + 8C TV = 6C a (G ■ A a + A C a ) + <7° - (6 X * a )G»D a J > x b 

-x' a Gn{Dfx b ) 

= 8C a (G ■ A a + \C a ) — x* a G^8(D ab x b ) 

= - (f G ■ A a + n0C a ) G»D ab x b ~ x*° 

Since D ab x b is BRST invariant, namely 

8{D a J b X b ) = D ab 8 x b - gf abc (8A c tl )x b 

= -\gOf acd {d„x c )x d -\gOf acd x c d,x d 

—g&f acd (dfiX d )x c +\9*0 (. f cdb f bea + 2 :/“ c6 / We ) A^x c x d 
= +gGf acd {d tl x d )x c -gOf acd {d,x d )x c 

+y 2 e (f cdb f bea + f acb f bde + f adb / bec ) Aix c x d 

= 0 


upon remembering the Jacobi identity 


jcdb y&ea _|_ yaco yDde _|_ yadDyfcec _ q 


cacb rbde 


adb xbec 


133 



the equation (5) becomes 


SCgr + SCjrp 


"( 


nO 


G-A a + nOC a 




(7) 


It turns out that when C a is a (auxiliary) field and is independent of A“, SCgyr -f 
8Cjr-p vanishes since in this case n = 0. The same conclusion also holds when we 
choose (4). In the latter case n must be equal to 1 in order to match 8C a in (3) and 
8C a derived from (4). Thus we have proved that the Lagrangian (2) is invariant 
under the BRST transformations (3). 


F.3 BRST-nilpotencies 

Other quantities which are BRST invariant are f abc x b X C i xV’ and V’X- The proofs 
are as follows 


S(f abc x b x c ) = f abc (Sx b )x c + f abc x b 6x c 

= gf abc f hde e x d x e x c - \gf abc f cde x b 0x d x e ( 8 ) 
= g0f abc f cde x b x d x e = 0 


because 


_ Jabc Jcde^b^d^e _ 


(jadcfceb + faecjcbd^ ^ Vx* 
fabcfcde + xVV) 

2f abc f cde X b X d X e 


8(xi>)= T*(8x a W + T*x a W 

= \gO[T b , T c ]x b x c ^ - igOT a T b x a X b i> 

= igOT b T c x b X c ' l I ; ~ *fl , ^T ( T c x 6 X c, 0 = 0- 

The variation of ipx is similar to that of x^i thus 


(9) 


8(ij>x) = 0 . 


( 10 ) 



Results (6-10) establish the nilpotency of the BRST transformations 


8 2 Al = 08{Dfx b ) = 0 
S 2 C a = Y) = o 

8 2 ip = ig08(x , 'l>) = 0 
8 2 rp = —ig08(ipx) = 0 
fi 2 x a = -\g08{f abc x h x c ) = 0 
8 2 x*° = 0£C a = O. 

F.4 Invariance of integral measures 

Let us consider two integral measures 

( 1 ) V[A^C] 

( 2 ) V[AWxx-C\. 

The former will be related to the local gauge symmetry while the latter will refer to 
the BRST transformation.To check the invariance of the above integral measures 
under their corresponding transformations we need only to prove the unity of their 
corresponding Jacobians. Recalling the infinitesimal local gauge transformations 
(1) the Jacobian related to the first integral measure is 

x )i C ' a { x )) 

d{A bv (y), ^(y), ^(y), C\y)) 

= det {[sv(^“ 6 ~ gf abc A c )8(x - y)][(l + ig\)8(x - y)] x 
[(1 - ig\)8(x - y)p a6 (x - y)]} 

which is independent of A and is equal to 8(x — y). Hence V[AipipC] is gauge 
invariant. Similarly by recalling the BRST transformations (3) the Jacobians for 
the last integral measure is given by 

d(A~{x),¥{x), fix), x», x*'° (*), C' a (x)) 

9(A bt '(y), V>(y), ^(y), x(y), X*(y)» C\v)) 

= det {[g tl u(8 ab + gf abc x c )Hx ~ y)][(l - igT c 0x c )8{x - y )]x 

[(1 + igT‘8x c )8(x - y)][(«5“ 6 + g0f abc x c )8 ab (x - y)} 2 [8“ b (x - y)]}. 

This determinant is also unity and therefore / D[A^XX*C] is BRST invariant. 
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G Some Details of Perturbation Calculations 


All diagrams considered in scalar and spinor quantum electrodynamics are linear 
in Gp U (x, y). This linearity enables us to write each of the diagrams into two terms: 
the GFfiu(x,y) and the G'^x, y) terms. Since the familiar Feynman diagram are 
assumed to have been calculated the whole propagator G IMV (x,y) will not be taken 
into account but, rather, the corrections G'^x^y). 

In quark-gluon vertex corrections, however, the full G (ll/ (x, y) must be used 
rather than G'^x^y) because diagrams contributed by the three and four-gluon 
vertices are not linear but quadratic in G tll/ (x,y), producing terms which consist of 
multiplication of Gf^^x^p) and G^ u (x, y) that cannot be neglected. 

Perturbation calculations in scalar and spinor quantum electrodynamics will 
be carried out in “momentum space” as well as in coordinate space. In quantum 
chromodynamics, on the other hand, we will only consider calculations in coordi¬ 
nate space due to difficulties in combining the three-gluon momentum vertex with 

*»»)• 

G.l Scalar Quantum Electrodynamics 

G.l.l Momentum Space 

Meson-meson scattering (Born term) (Figure 5.18) 

S' = —ie 2 fdxdy(pi + p 2 Y(qi + q^G^x, y)e ,x(p2-Pl ) + ‘ 3/ ( 92 ~ l?1 ) 

= ~ ie - 2 1 fi° dftfdxf dy(p! + p 2 )' i (gi + k, d k , y)k ft e i(3kx + 

(p <—> I/, x <-> y)]e ix ^-^) +i y^-^) 

= -*'e 2 / r df3 f dy(p! + p 2 ) ,i (qi + qiY[gv{P, k, d k , y)k fl - 

d{p 2 - Pi + Pk)e' y ( q2 ~ qi '> + (//<-> v, p <-> q)] 

= —iz 2 f rp- J 1 00 ^ / dy[(q! + q 2 Ygv(P, k, d k , y)(p\ - p\)- 

S(p 2 ~ Pi + /?&)e ,y(92-?l) + (p ?)] 
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Meson self-energy (Figures 5.19-5.20) 


S[= e 2 fdxf dyf dp(p 2 + pY(p + PiY(p 2 - m 2 + ie) 1 G' fJtu (x,y) 

e ix(p2-p)+iy(p-pi ) 

= e 2 / Jr Ji°° dftfdxfdyf dp(p 2 + p) M (p + pi)"(p 2 - m 2 + ie)- 1 - 
[g v {P, k, ft, y)k^.e ipkx + (x, (1 <-► y, 2/)]e‘ x ( p2 ~ p)+,!/(p ~ Pl) 

= e 2 f JY d P f d v f Mp* + pY(p + PiY(p 2 - m 2 + ieY^g^p.k.dk.y)- 

kp ■ 8{pi - p + Pk)e iy ^ p ~ p ^ -(- (p <-+ -p, pi <-+ -p 2 , p <-* z^] 

= e 2 /Jr JT 7? fdyfdp(p 2 - m 2 + ie)~ 1 [g l ,(/3,k,d k ,y)(p + PiYip 2 ~ pi)- 

S(p 2 —p + (3k)e ty( ' p - pi '> + (jp <-► -p, pi <-> -p 2 )] 

= e 2 / J /r f / ft, y)(p 2 + pi + 

+(Pi «-+ -P 2 )] 

= 2e 2 f ^ /“ dfi f dygM k, ft, y^e^-w+W. 


5 ' = -e 2 / dye^-^G^iy, y) 

= — 2 e 2 / Jr /1 00 dp f dyg u (p, k, ft, yJfcV^-w+W 

5'= S'+S'*?0. 


Vertex corrections (Figures 5.21-5.29) 


^ = e 3 fdxf dyf dzf pi J + . e f q i_„i +ie (p 2 + p)"(p + g)*(g + pi)M g (z) 

Gr pl/ (a:, y)e ,x ( p2_p ) +,s, ( 9-pi )+* z (p-9) 

= e* f dx f dy f dz f f f $ J? dpA,(z)(p + g)° 

(P2 + ?)'(?+Pi^MA * A, + (* »J, 11 <-> «<)] 

e »a:(p2 -p)+»J/(9-Pl )+» z (p-9) 

= e 3 / A A” f / 4 / <fe/ ijrrfc / jdfe AM S „(A * A, If) 

[(p 2 - P-jj(p + + Pi Y'bilh - p + 0k)e ,ylq - p, ' t+, ^ p -rt 

-ip <-* -9, Pi <-» —Pa)] 
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= ^ I zb ir f SdyS^S^fuA.(z)g.(P,k,d i ,y) 

l(P3 + « + Pk)°(q + pl )- e i»(<-l>.)+-(»- ? +M) p, „ -p,)] 

= ‘ 3 f^birff dx fdyf jr&jsM’W, *. flh *) 

[(p + P2 + y3ifc)*(p + pjv^p-rO+^-p+W 

-(p + pi - Pk) a (p + p 2 )‘'e ix ^-^ +i ^ p - pi+0 % 

S' 2 = e 3 fdxfdyfdzf - s _S +lt / (Pa + 9) M (9 + pHp + Pi) g ^(y) 

(i, 2)e ,x f pj-, ^ +, ^ p-Pl ^ +, ^ 7_p ^ 

= etfdxfdyfdzJjr^fj^fJ^frdPMvfo + Pir 

(P2 + ?) p (9 + P^M^, &, 3*, z)^e ,/3 * x + (x «■+ z, /!« I/)] 

e ix(p 2 - ? )+iy(p-pi )+iz(?-p) 

= e 3 / ^ /r d(3 f dy J dz f f -s-Jfc-AiiyXp + PiJ'c^) 

(P 2 + ?) m (9 + p)"M£, *, d k , z)k M 6(p 2 - q + /3k)e iz ( q -ri+ 

(q *-* -9, p2 <-*• -p, p ♦-* *0] 

= e 3 fj^srf f dy f dx f 5 (y )(p + p, ) 

[&/(& d k , x)(q 2 - p\){p 2 + p + Pky8(p 2 -q + ^)e ,I ( p3 - p+ ^+ 

(9 <-> “9, P2 «-»• —p)] 

= e 3 / S Ji°° fjdyjdxj J dqA a {y)(jp + p x )' e‘ p ( p - p >> 

[p</(/3, fc, 3jt, x)(p 2 + p + Pk) v 6(p 2 - ? + y3k)e ,x ( p2_p+/3fc )+ 

0*, x) ^~^~^~ m ^ (-p - p 2 + Pky6{q - p + /?fc)e‘'*( p2 - p+ W] 

= e 3 / Jr JT f / & J 4/ f k, d k , x) 

[2/3^(p + Pi ) <7 e ,x ( p2-p+ ^ +,y ( p-Pl )-f 

(P + P2) M (P + Pi + Pk) a e ix fo-p)+iy(p-pi +0*)]. 

By diagram-inspection we can conclude that the diagram S 3 can be obtained 
from the diagram S 2 by transformations 

\p 2 — pi, p *-* —p, q <-+ —q, x *-+ z, p, *-* v, e <-* —e]. 
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Thus calculations in S 3 are very similar to those in S' 2 . The result is 


S' 3 = e 3 f dx f dy f dz f pi _% +u f q2 _% +ic (p 2 + pf(p + q¥(q + Pi)"A*(y) 

G'^fx, z)e ix ( p - q ) +iy ( p2 - p ) +iz ( g ~ pi 1 

= e 3 / i /r f / dx f dy f w= £k s A.( 9 )gM, k, d k , x) 

[2 0k p (p + p^eMp-pi-p+m+iyiPi-p)^ 

-(p + piY{p + p 2 - pkye^b-^+^-p+w]. 

S' A = — 2e 3 fdxfdyf + p^A^G'^x, y ) e **( p - p d+*^-*) 

= —2e 3 fdxfdyf f /i°° d/M"(y)(p + ft )/* e «(p-pi)+iy(pa-rt 

[^(/3, fc, 5 fc , y)k ll e tl3kx + (x <-► y, p <->■ i/)] 

= -^Sdyf^uf^frfA^y) 

[g»{P, k, d k , y)(pl - p 2 )6(p -pi + /3k)c iy ( p2 - pl+ftk '>+ 

(3 f dxg^/3, k, dk, x)k l/ (p + p 1 ) p e‘ l(p-pi)+ ‘ j/(p2_p+ * 3fc )] 

= 2e 3 fdyf$ f j~ f A °(y) {[g^/3, k, d k , y)e«»-»+« 

- / f j?z&+u9M *, d k , x)f3k a (p + Pl )M e -(p- Pl )+«V( P2 -P+^)}. 

S' 5 can be obtained from S 4 by replacements 

[p 2 <-* ~Pu p <-* -p, e<-> -e]. 


We have 

5' = —2e 3 fdxfdyf p2 _%- +r c (p + P 2 TA‘'{y)G' tll ,(x, y ) e '*( p2 - p )+‘ p (P-Pi ) 

= 2e 3 fdyf^jr ff° f A°(y) {[-<&,(/?, fc, ft, y^-Pi+W 

~ fdxf k, d k , x)/3K(p + p 2 )M e -( p 2 - P )+.v(p-P 1+ ^)} . 

5J = -e 3 /c?o; / c? 2 / / + a ,)e-C p -- p )+*'3/(P-P 1 ) 

= —e 3 g pv fdxfdyf f -* f? dfiA.(y)(p + Pl )- e M p 2 - p )+^(P- Pl ) 

fc, 9 fc , x)k fl e ipkx + (p<-+ v)\ 

= —2e 3 / dx f dy f f J- f? f A a {y){p + Pi)^(/5, Jb, a*, *)/?*" 

e »i(p2-p+^fc)+»'y(p-pi) _ 
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Similarly S' 7 can be obtained from S' 6 as we obtained S' s from S' 4 


S', = -e 3 rdx(d V J w ^ n (p + p,rA,(y)g‘'''G' fu (x,x)e<^-^+<y^ 

- 2e° f dx {dy I { Jr ST £*,(»)&> + PiYM *, St, 

e «'*(p-pi+W+*y(p2-p) 

•S's = e 3 fdxfdyf dzf pi _^ +li f ?=j&+n(pi + P 2 ) M (? + p)"(p + g)'^*) 

G'^x, y)e ix ( p2 ~ pi ) +iy ( p ~ 9 ) +i2 ( q - p ) 

= e 3 f dx f dy f dz f f f j JT <*M,(*)(p + g)'(pi + Pa)" 

(g + k,dk,y)k fl e i/3kx + (® <-> y, p ~ v )] e MP2-pi)+.v(p-»)+«(9-P) 

= e 3 / dy f dz / / S JT f ^(*)(P + g)'(?i + Pa)" 

(g + p)' / e‘ z ( 9_p ) [y„(/?, &, d*, y)(pi ~P 2 )hKp 2 -Pi + flk)e iy ( p ~ q } 

+(g«-»Pi» P^P2, P <-*• *>)] 

= e 3 / dy / dz / f ^Tu f J JT f4,(*)(p + ?)'e‘^- p > 

£*(/?, Mfc,J/){(Pi -Pa)(g + p)^(P 2 - Pi + /?fe)e ,!/ ( p - 9 )+ 

[(y 2 - m 2 ) - (p 2 - m 2 )](pi + p 2 ) I/ d(p - q + /?fc)e ,p(p2 ~ pi) } 

= e 3 f dy f dz f f J f? f ^(z)y,(/?, *, 5,, y)( Pl + p 2 ) V p ( p2 - p >) 

[(2p + /3kye ,0kz - (2p - 0Jfc)*e- ,/,fc *] 

= 0 

S' = 2e 3 / dx f dy f pzjqxiPi + p^M^yJG^*, y)cM»-Pi) 

= 2e 3 fdxfdyf p2 _% 2+h (pi + Pa^A^y) 

[5/./i^(*,y) + 5 J/ / 2 ^(x,y)]e ,a; ( p2 - pi ) 

= 2e 3 fdxfdyf ^rjq^ (pf - p^)A 1/ (y)/ lt/ (x, y) 

7715 q 

Observe that 

S' = Sj + • • • + S' = 0. 
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G.1.2 Coordinate Space 


Notations: Directed derivatives d^, d^, 3 and □ do not act on photon 
propagators (/i M (x, y ) and / 2/1 (x, y))- Surface terms will be discarded. Indices (i, 
v and a in derivatives are attached to variables x, y and z respectively: = d x », 

d v = d y v and d a = d z <r. Q = Qf + Q' for any quantities Q and Qp in the Fock- 
Schwinger gauge and Feynman gauge respectively. 

1. Truncated Diagrams 

Meson self-energy (Figures 5.30-5.31) 

-e- 2 S; (x,y) = [• d u S B { x - y) d u •}G'^x^y) 

= [• d* S B (x - y) d v • }[dj lv + d u f 2 ^(x, y)] 

= “ °*]Sb('x - y) d v -}/i„(x, y) 

-{■ & S B (x-y)[O y - Sy]-}f 2 n(x,y). 

-e~ 2 £^(x, y) = g*"[-6{x - y)-]<v,(x, y) 

= g tlv [^{ x - yy][9Jiu(x, y) + dj 2 „(x, y)] 

= S 1 8(x - y) ■ + • {d^x - y))-]fu,(x, y) 

-g^Wd" 6(x - y)) • -f- • S(x - y ) d v -]/ 2/i (x, y) 

= -g^il & 6(x - y)-]/ 2 „( x, y) - [•(£(* - y) d v )-]f u {x, y )} 
{-[-{& s i x - y))-]f 2 u{x, y) + K(x - y) d v -]/i M (x, y)} 

= [• & 6(x - y)-]f 2l i(x, y) - [-£(s - y) d v -]/n/(x, y). 

S'(x,y)= Ei(x,y) + E^(x,y) 

= e 2 [-(3 c - 3" 3 ; )S , b(s - y) d u •]/i„(x,y)+ 
e 2 [- S B (x - y)(tf y - fi y ).]f 2li ( x ,y)+ 

K(x -y)d v ■]/i„(x, y) - [■ d 11 S(x - y)-]f 2 »(x, y). 
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Vertex corrections (Figures 5.32-5.40) 


ie~ 3 T"(x,y,z) = [• S B (x - z) d a S B {z - y)d v ^G'^x.y) 

= [• d* S B (x - z) d° S B (z - y) d v + d„f 2 »(x,y)] 

= -[-(S'. - □r)5fl(x - z) d a S B (z - y) d v -]/i„(®, y) 

-[• 5 b (x - z) d a S B (z - y)(D y - 5 y )-\f 2 »(x,y). 

ie~ 3 T 2 ( x , y, 2 ) = [■ 5* S B (x - z) d a S B (z - y) d v •] G'^x, z) 

= [■ d* S B (x -z)d° [S B (z - y) d u -d^fidx, z)+ 

S B (z - y) d u • d a f 2ll (x , 2 )]. 

This form actually has the same form as Ej(x, y) because the above expression can 
be obtained from E'^x, y) by changing 

+-*■ 

d" -+d a 

S B (x-y) -+S B (x-z) 

Mx,y) -* S B (z-y) d" f 1<T (x,z) 
f 2 ^(x,y) -» S B (z-y) & f 2lt (x,z). 

Thus by making these replacements into Sj(x, y) one has the final form of T^ 

ie~ 3 T 2 (x, y, 2 ) = - 2 ) d a S B (z - y) d u • ]fi„(x , 2 )+ 

[■ & S B (x - z)(tf z - S z )S B (z - y) d u ‘\f 2li (x, 2 ). 

From the diagrams we can see that Tg can be deduced from V 2 by hermitean 
conjugation (to change the direction of boson lines) and then by transforming 
(x,fi) <-> (y,j/). We have 

ie- 3 rg (x, y, 2 ) = [• & S B {x - 2 ) d° S B (z -y) d u -]G^( 2 , y) 

= -[• & S B (x - 2 ) d a S B (z - y)(Df v - S y )-]f 2<J {z, y)+ 

-[• d* S B (x - z)(U z - U z )S B {z - y) d v • \fi*(z,y ). 
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ie 3 r7 (x, y, z) = 


g ^[.8{x - z)S B (z - y ) S -]G^(x,z) 
g fier [-6(x - z)S B (z - y) S -P^/i^x, z) + d a f 2 ^(x , z)\ 
8(x - z))S B (z - y) d 1 ' •+ 

• S 8(x - z)S B (z - y) d v z) 

-g tta [‘{8(x - z) d a )S B (z - y) d u •+ 

•8{x - z ) d a S B (z - y) d v -]f 2 n(x, z) 
&*[•{&* 8(x - z))S B (z - y) d " •]/ 2 «r(* > 2 ) 

-^[^(x - z) d a S B (z - y) S' -]/i M (x, z) 

+^ <7 [-<5(x - z) d° S B (z - y ) 9" •]/ 1/i (x,z) 

8(x - z)S B {z - y) d v -]f 2 „{x,z) 

H& 1 s ( x ~ z))S B (z - y) S -]f 2fl (x, z) 

-[■5(x - z) d a S B (z - y) d v -]fia(x, z). 


The process used in deriving Tg from Tg may be applied to obtain Tg from T^. 
Therefore, from TJ, we get 

(x, y, z ) = g va [- S S B {x - z)8(z - y)-)G' au (z , y) 

= -[-(5* S B (x - z))8{z - y) S ■]fi v {z , y) 

+[• S S B (x - z) S 8(z - y)-]f 2 a(z,y). 

ie~ 3 T'e{x,y,z) = 2 g v °[- S S B (x - z)8(z - y)-]G^(x,z) 

= 2 \g va [- S S B (x - z)8(z - y)-][d li f 1<r (x, z) + d c f 2ll (x, z)\ 

= -2 g u<J {\fi x - G x \S B (x - z)8(z - y)-}f 1(7 (x, z) 

- 2y wr [- d* S B (x - z)(d a + d <T )8(z - 2 ). 

F 7 follows immediately from Tg 

ie^T^x, y, z) = 2y /itr [-^(x - z)5 s (z - y) S -]G^(z,y) 

= -2g^[-8(x - z)S B {z - y)(ti y - 1 %)-}f2<r( z ,y) 

-2 g^[-8(x - z)(S + S)S B (z - y ) S -)Mz,y). 
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ie- 3 ^ (x, y, z)= [• -]G? „(x, y)[(d v S B (y - z)) d" S B (z - y)- 

S B (y - Z )) d c d u S B (z - y)] 

= [• -]d*fi»{x> y) + d v f 2ll {x, y)] X 

[(d u S B {y - z )) &* S B {z -y)- S B {y - z)) d a d v S B (z - y)] 
= K^r +m 2 ) - (□** +m 2 )-]fu,(x,y)x 

[(d v S B (y - z )) d° S B (z - y) - S B (y - z )) d a d u S B (z - y)] 
-[■ -]{[(^» +m 2 )S B (y - z)\ d° S B (z - y)- 

S B {y - z)) d° [(□"„ +m 2 )S B (z - y)]}/ 2 ^(®, y) 

= K°x - ^x)-]fiu(x t y)x 

[{d u S B (y - z)) d° S B (z - y) - S B (y - z )) <9 CT d u S B (z - y)\. 

ie~% a (x, y, z) = 2[- & y)y w 5 B (y - s)£(y - z) 

= 2[- -]5fl(y - ar)% - y) + d v f 2lt {x, y)] 

= 2[-([5^ - □ > *)-]5 , B(y - z)6(y - z)g va f lv (x, y)+ 

[• •]5' B (y - z)S(y - z)g ua d v f 2ll [x , y). 

2. On-shell Diagrams 

Meson-meson scattering (Born term) (Figure 5.41) 

S' = ze 2 /dx/ch/^t( x ) 5#* ^(z)^t(y) d u ^G'^x, y) 

= ie 2 fdxf dy<f> t(*) d* cf>(x)^(y) d u ^(y)[3 #l /i„(a; 1 y) + $„/ 2 „(®,y)] 

= -2ie 2 / <fa/dy{^t(®)a^(x)^t(y)[(n > y +m 2 ) - (□„ +m 2 )](?i(y)}/ 2M (x,y) 
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Meson self-energy (Figures 5.42-5.43) 


S[ = f dxf dy^(x)Yi[(x,y)(f>(y) 

= -e 2 / dx f dy{—<f>^(x) d* S B (x - y)(D > y - ^ y )<f>(y)f 2 n(x, y)+ 
-^( X )(n x - n x )S B {x-y) d v 4>(y)fu,(x,y)} 
= -e 2 f dx f dy{-<f> t(x) d* 8(x - y)<f>(y)f 2 »(x, y)+ 

4>}(x)8(x - y) d u <t>{y)f\v(x,y)}. 


S 2 = f dxf dy<f>j(x)T,' 2 (x, y)<f>(y) 

= -e 2 f dx f dy{^(x) d M 8(x - y)<j>(y)f 2 ^(x,y) 

(x)8(x - y) d v <f>{y)f\»(x,y)}. 


S'= S'+S'. 


Vertex corrections (Figures 5.44-5.52) 

S[= f dxf dyf dz(f) t (x)]?'" (x, y , z)4>(y)A a (z) 

= —ie 3 f dx f dy f dzA a (z) 

{+[-^^(^)(°* - &x)S B (x - z ) d a S B (z - y) d v 4>{y)\h„(x , y) 

[^t(x) d‘ ** S B {x - z) d* S B (z - y)(a y - ^ y )(f>(y)]f 2 ^(x, y)} 

= -ie 3 f dx f dy f dzA er (z){[^(x)8(x - z) d a S B (z - y) d v <^(y)]/i„(x,y) 
-[<^t(x) S B (x - z) d° 8(z - y)<f>(y)\f 2 ,i{x,y)}- 

S' 2 = f dxf dyf dz^ (x)^ (x, y, z)(f>{y)A u {y) 

= -ie 3 f dx f dy f dzA v (y) 

{-[^00 & S B (x - z)[(3 z +m 2 ) - (fi; +m 2 )\S B (z - y) d v 4>(y)]f 2tl (x, z) 
-[<^t(D t a . _ [5 ' x )5b(x - z) d° S B (z — y) d v <j>(y)\f 1(r (x, z)} 

= -ie 3 f dxf dy f dzA v {y){[(f> t(x) d 11 S B (x - z)8(z - y) d u <^(y)]/ 2M (x, z) 
-[<?^(x) d* 8(x - z)S B (z - y) d v 4>{y)]f2^{x,z) 

-{- 8{jc - z) d° S B (z - y) d v <f>(y)\fi<r(x,z)}. 
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S' 3 = fdxfdyf dz<fi (s)^ (x,y, z)(f>(y)A ll (x) 

= —ie 3 f dx f dy f dzAyfx) 

{-[^t(x) d" S B (x - z)[{p z +m 2 ) - (fi; +m 2 )]S , B (2 - y) d u <t>(y)]fi„(z,y) 
-[^(*) S 1 S B (x - z) d a Sb(z - y)(tf v - fi y )<f>(y)]f 2 <r(z,y) 

= -ie 3 fdxfdyf dzA„(x){-[<f> t(x) S(x - z)S B (z - y) d v 4>{y)}fi v (z , y) 

-[^(*) & S B (x - z)d a S(z - y)<ff(y)]f 2 e(z,y) 

+[^(®) Sb(x - z)6(z - y) d u (f>(y)]fi v {z, y)}. 

S' 4 = f dx f dy f dz<f>\(x)Yf(x,y,z)<t>{y)A l/ (y) 

= -ie 3 f dx f dy f dzA u (y){[<fi(x) S(x - z))S B (z - y) d v <f>(y)\f 2 ^(x,z) 
-[^t(x)tf(x - z)d a S B {z-y) d v 4>(y)]fi<,(x,z)}. 

S' 5 = fdxfdyf dzcjJ (x)]^(x, y, z)4>{y)A il (x) 

= -ie 3 f dxf dy f dzA,i(x){-[<ft{x) S B {x - z))8(z - y) d u <f>(y)\fi„(z,y) 
+[<^t(x) & S B (x -z)d a S(z - y)<j>{y)\h„{z,y)}. 

Sq= fdxfdyf dz<ft (x)]^ (x, y, z)<j>(y)A„(y) 

= —ie 3 f dx f dy f dzA u fy) 

{-2g u<T (x)(p x - S x )S B (x - z)S(z - y)<f>(y)f la (x,z)+ 

-2g v<T [(j^{x) d* S B (x - z )(<f CT + d*)8{z - y)<f>{y)\f 2 ?{x,z)} 

= -ie? fdxfdyf dzA„(y){2g , "<fl(x)6(x -z)S(z - y)<^(y)f ler (x, z)+ 
-2g ver [^(x) d M S B (x - z)(d" 0 ' + d°)8(z - y)<l>(y)\f 2 »(x,z)}. 

S' 7 = f dx f dy f dz<f)^ (x)Tj(x,y,z)(f>(y)A ll (x) 

= —ie 3 fdx f dy f dzA^x) 

{-2g>"<fl(x)6(x - z)S B (z -y)(n" v - ^y)<t>{y)hc{z,y) 

-2g^[<j>\x)8{x - z){d a + d <r )S B (z - y) d v (f>(y)fi„(z, y)} 

= —ie 3 fdxfdyf dzA /i (x){-2y '“ 7 <$ ( x )8(x - z)8(z - y)^(y)/ 2<7 (z, y) 
-2g^[^(x)8(x - z)(d a + d a )S B {z - y) d v <f>(y)fiv{z,y)}. 
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S' 8 = fdxfdyf dz<f> t (aOTg ( x, y, z)<j>(y)A a (z ) 

= 0 . 

S’v = f dx f dy f dz<f>i (x)Ts (x,y,z)<f>(y)A <r (z) 


Adding S[,S' 2 -- -S', 

S" = 51+5^ + S' + ^ + S' +5' +5' +S£ + S£ 

^ —ie 3 fdx f dy f dz 

{-[(^t( x ) d» S B (x -z)^ 6(z - y)<j>{y)\f 2 n{x, y)A„(z) 

+[<^t(x)5(x - z) d a S B (z - y) d u <f>(y)]fii,(x, y)A <T (z) 

+[^>t(a;) & S B (x - z)S(z - y) d v <j>(y)\f 2 »(x, z)A v (y) 

—[^t (a;) 8{x - z)S B {z - y) d u (f>{y)\fi v (z, y)A fl (x) 

-2[<^{x) 9^ S B (x - z)(d a + d°)8(z - y)<f>(y)\f 2 n(x, z)A a {y) 
-2[(f^(x)8{x - z){d a + d°)S B (z - y) d v 4>(y)\fiv(z,y)A <T (x)}. 

The last two terms can be written as (neglecting surface terms) 

2[^(x) d* S B (x - z)(d° + d a )8(z - y)<f>{y)\f 2il (x,z)A c (y) 

= 2[<fi(x) & S B (x - z) d° 8(z - y)<j>(y)\f 2 n(x, y)A a (z) 

-2[<f>^(x) d* S B (x - z)8(z - y) d v <f>(y)\f 2li (x,z)A lJ (y) 

= ~[^(x) & S B (x - z) d° 8(z - y)<f>{y)]f 2ll (x, y)A a (z) 

+[^t(a;) & S B (x - z)8(z - y) d v (f>{y)]f 2 ^.(x, z)A„(y) 

2[4>\x)8{x - z)(d a + d°)S B (z - y) d v <f>(y)]f ll/ (z,y)A (r (x) 

= -[<7^(x) 8(x - z)S B (z - y) d v <t>{y)\f\v{z, y)A tl (x) 

+ [<^(x)6(x _ z ) d° S B (z - y) d v <f>{y)\fi»(x,y)A a (z). 


Thus we get 


S' = 5; + 


+ SL = 0. 
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G.2 Spinor Quantum Electrodynamics 

G.2.1 Momentum Space 


The calculations here are very similar to the previous ones. Therefore it is 
sufficient to show their initial and final expressions. 

Electron-electron scattering (Born term) (Figure 5.1) 

S' = -ie 2 u(p 2 )'y tt u(p 1 )u(q 2 )Yu(qi) f dx / dyG'^x, y) e lx{ - P2 - p ^ +iy ^ 2 - q ^ 

= ie 2 Srff^SdygMk,d k ,y) 

{U(p 2 )(^ 2 - ^i)u(p 1 )u(q 2 )Y^(yi)d(p 2 ~Pi + j3k)e' y ^ q2 ~ qi) 
+u(p 2 )yu{p x )u{q 2 )(4 2 - 4\)u(q\)6(q 2 - q x + /3k)e ' y( - P2 - pi) } 


Electron self-energy (Figure 5.2) 

S' = e 2 f dpu(p 2 )y(tf — m + ie) -1 7 I 'u(pi) f dx f dye ,x ^ P2 ~ p ^ +,y ^ p ~ Pl ^G'^ l/ (x,y) 
= e 2 /i°° dft f f dpu(p 2 )y(tf - m + iej-'yufa) f dx f dy 

e ix(p 2 -p)+iy(p- Pl )^^ k ^Q k ^ y ^ et l3kx y)] 

= e 2 f?ff^fdyfdpgMk,d k ,y) 

[u(p 2 )(]6— — m + ie) _1 7 M u(pi)£(p 2 — p + /3&)e ,y h>-Pi) 

+u(p 2 )y(fl ~ m + ze ) _1 (^i _ f) u (Pi)d(p - Pi + /?fc)e ,y ( p2 ~ p )] 


Vertex corrections (Figures 5.3-5.6) 

S[ = e 3 JdpfdqfdxJdyJdzu(p 2 )y(ji-m + ie)- 1 A{y){4~ m + ie)~ l x 
7 v u(pi)e , '*( p2 - p ) +,J '( p -«) +, ' 2 (9-P 1 )G ! ^(x,z) 

= e 3 /i°° dflf-^pfdpfdqfdxfdyfdzutpAyirf-m + ie)- 1 /l(y)x 
(j/- m + fc)"Vu(pi)c i *^ w " p)+iy(p - ,)+< * (j - M) x 
[^(/J, fc, 5 fc , z)k ti e ipkx + (p «-► i/, x «-► z)] 
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= e 3 fF ff dpf dqfdyf dzg v (P, k, d k , z)u(p 2 ) 

[(/*- ^ 2 )(^-m + i'e)- 1 A(y)(d~ m + ie)- 1 y 

6{p 2 -P + pk)e iy b-ri +iz ( <} - p '') 

+y(jf-m + it )~ 1 A(y)( 4 ~ m + * e ) -1 (^i — i) 

8(q - Pl + /?AO eia(p “ ,)+, ' z(P2 ~ p) MPi) 
= e 3 frff^fdpfdyf dz 9ll (p, k, d k , z)u(p 2 ) x 

[A{y)(A- m + ie)- l ^ iy{p2 ~ p+pk)+iz{p ~ pi) 

- 7 „(/* - m + ie )- 1 A(yW y(p ~ Pl+pk)+iz(p2 ~ p) ] u (Pi)- 


S 2 = e 3 / dp f dq f dx f dy f dzu(p 2 ) A(y)(4 ~ m + «) *7 M (fi-m + ie) k x 
7 *u(j> 1 )e ix to-ri +iv te-*W I to-n)G'^(x,z) 

= e 3 ff° dp f f dp f dq f dx f dy f dzu(p 2 ) A(y)(4~ m + *e) -1 7"x 
(jf - m + ie)- 1 Yu(p 1 )e ix ( q -ri +iy ( p >- q '> +iz ( p - p ») x 
[£</(/?, z)k il e tpkx + (/x <-► i/, x <-► z)] 

= ~e 3 /i°° ^ / t^jpr I dp f dqf dy f dzg v (P, k, d k , z)u(p 2 ) A(y) x 
e *v(P2-9)+»2(9-Pi +/3k) x 

{(j^- m + *e) _1 [(^— m) - (]i- m + - p + /?£) 

+(j^ — m + tti + ie) -1 (^— /*i)6(p-pi + /?fc)}u(pi) 

= ~e 3 JT f f f dp f dy f dzg^P, k, d k , z)u(p 2 ) A(y)(tf ~ ™ + it^x 

(pi ) e'^ P2 -p+/?fc)+«(p-pi) _ 

5a = e 3 J dp J dqf dx J dy J dzu(p 2 )y(tf - m + it ) -1 Y( 4 - m + it)~ x x 
^(y)w(Pi)e Mp2_p)+, ' ! ' (?_Pl)+, ’ 2(,>_9) G^(a;,z) 

= e 3 /] 00 dp f f dp f dq f dx f dy f dzu{p 2 )y ($ - m + it)- 1 y x 

(4-m + it)- 1 AiyMpAe^-ri+^-^+^P-^x 

[g v {P, k, d k , z)k ll e lPkx + (p <-> i/, X <-► z)] 

= e 3 fi°° JT f =i?f dpf dqf dy f dzu(p 2 )y{tf - m + it )- 1 y x 
( 4 ~m + it ) -1 A(y)u(pi)e ty( ‘ q - pi '> x 

[g v {P, k , dk, z)(p ~ P 2 )^ 8 (p 2 -p + pk)e iz ^- q+pk 

+(p <-+ i/, p-p, q <-> -p 2 )] 
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= e^frff^jdpjdqjdyf dzg v (0, k, d k , z)u(p 2 )e iy ( q - p ^ P2 - q +^ 
{(/*- + ie)- 1 Y{4~ m + *e) _ 1 ^(P 2 -p + 0k) 

+ ze) -1 [(^ — m) - (4 - m)](4 -m + z'e) -1 <$(p - q + 0k)} 
A(y)u(pi) 

= 5? *jr S-=& 5 dpS dy S dzg^p, k, d k , z)u{p 2 )Y{t~ ™ + *e ) _1 x 

A(y)u(pi )e iy ( p ~ Pl +P k )+ iz to -p). 

S 4 = e 3 / Jp/ Jg f dx J dy f dzu(p 2 )j"u(p 1 )Tr(4 - m + z'e) - 1 7 "x 

(jf - m + z'e)" 1 / 4( 2 )e , '^-Pi)+*^P-«)+ , ^-P)G , Ml/ (x,j/) 

= e 3 d0f^fdpfdqfdyf dzg„(0, *, 6 k , y)e^- p ) X 
{zr(p 2 )(^i- ^ 2 )«(pi)Tr (4 - m + m + ie)- 1 x 

£(p 2 — pi + 0k)e ,y ( p - q ) 

+u(p 2 )7 1 / u(pi)Tr(^- m + ie) _1 [(^- m) - (^- m)](^— m + *e ) -1 

8{jp — q + 0k)e ,y ^ P2 ~ Pl ^} A( z ) 


Hence 



G.2.2 Coordinate Space 

The same notations as in scalar electrodynamics apply. 

1. Truncated Diagrams 
Electron self-energy (Figure 5.7) 

e -2 E , (x, y) = [YSf{x ~ y)Y-\G'^{x, y ) 

= IYSf{x - y)Y-][dJiv(x, y) + d u f 2/1 (x, y)] 

= -[■(& + flx)S F {x - y)Y-]h»(x,y) 

-[■YSf(x - y)(p s + fi y )-]f 2li (x,y). 

Vertex corrections (Figures 5.8-5.11) 

-ie- 2 r"(x , y , z) = [-YSf(x - z)YS F (z - y)Y-\G'^ v (x, v) 

= [^SfOe - z)YSp(z - y)Y-][dnfiu(x,y) + d v fi M (x,y)] 
= -HPx + px)S F (x - z)YS f {z - y)Y']hv{x,y) 
-[■YS F {x - z)YS f (z -y)(p y + pyWhufay)- 
-ie~ 2 T 2 (x, y, z) = [-YSf{x - z)YS F (z - y)Y']G , lia (x, z) 

= [YSf{x - z)YS f {z - y)Y-][dJi<r{x, z) + d c f 2ll (x, z)\ 
= ~HP* + P*)Sf(x - z)YS f {z - y)Y-]hy.{x,z) 
-{■YSf{x - z)[(fl z -im ) + (ft z +im)]S F {z - y)Y'} 

f2n(x,z) 

= -[•(h + fix)S F {x - z)YSf(z - y)Y-]fiy.(x, z) 
-i{-Y[s(x - z) - 6(z - y)]S F (x - y)Y-}f 2 n{x, z). 
—ie~ 2 T'£ (x, y, z) = [YSf{x - z)YS F (z - y)Y-]G' ai/ (z, y) 

= -{-YSf(x - z)[{% -im) + ($. +im)\S F (z - y)Y •} 

h»{z, y) 

-[■YSf(x - z)YS f {z - y)(fiy + fty)-]f 2 *(z,y) 

= -i{-y[8(x -z)- S(z - y)]S F (x - y)Y-}h»(z, y) 
-[■YS f (x - z)YS f {z - y){fty + fiy)-]ho(z,y). 
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-ie~ 2 T'° (x, y, z) = [^Tr S F (z - y)YSp(y ~ z)Y-\G'^(x, y) 

= -[■(& + 0 x )TtS f (z - y)YS F (y - z)Y-)fw{x,y) 

-{^Tr S F (z - y)[($ y - im ) + ($ y +im)]S F {y - z)j*-} 

h?(x, y) 

= -[•(& + ?x)Tr S F {z - y)YS F (y - z)Y']hu{x,y). 


2. On-shell Diagrams 


Electron-electron scattering (Born term) (Figure 5.12) 

S' = -ie 2 fdxf dy^{x)Y^{x)$(y)YTl’{y)G'^(x, y) 

= ~ie 2 fdxf dyrf(x)Y'i!>{x)i’{y)Yi>{.y)[d ll hv{x, y) + d u f 2fl (x, y)\ 

= ie 2 f dx f dy j^(x)[(&, -im) + (fi x +im)\ij>(x)^ if>(y) fi(x,y)i/;(y) 
+ ff(x) f 2 (x,y)ip(x) (ff{y)[{% —im) + (fly +zm)]^>(t/)^ j 

7715 q 

Electron self-energy (Figure 5.13) 

S’ = fdxf dyip(x)Z'(x, y)ip{y) 

= -e 2 fdxf dy{[if)(i x)( % + %)S F {x - yh^(y)\fi^(x, V ) 
+[ij>(x)YS F {x - y)(J) y + fi y )ij){y)]f u (x,y)} 

= -e 2 / dx f dy{\fj>{x)(ft x +im)S F (x - y)Y^>{y)\hn{^ y) 

+\fp(x)^S F (x - y)(p y -im)ip(y)]f 2ll (x,y)} 

= ie 2 fdxf dy{ip(x)6(x - y)7 M l/%)/i,x(z, y) 

-if{x)YS{x - y)ip(y)f 2ll (x,y)} 

= 0 . 
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Vertex corrections (Figures 5.14-5.17) 

S[ = -ie f dx f dy f dzip(x)T(x, y, z)A a (z)ip(y) 

= -e 3 f dx f dy f dzA a (z) 

mx)(l + 0 x )S F (x - z)~f a S F (z - y)Y^{y)]hu{x, y) 
+\$(x)YS f (x - z)YS f (z - y)(p v + fiy)^(y)]hn{x,y)} 

= ie 3 f dx f dy f dz{if>(x)6(x - z) /i(z)S F (z - y) fi(x,y)xj>(y) 

-${*) Mx,y)S F (x - z) A( z )t( z - y)i>{y)} 

S' 2 = -ie fdxfdyf dzip(x)T 2 (x, y, z)A l/ (y)tj>(y) 

= -e 3 / dx f dy f dzA„(y) 

[?(*)(& + i)S F (x - z)YS f (z - y)Y^{y)\hA x ^ z ) 
+i{tf(x)Y[d(x - z) - S(z - y)]S F (x - y)'r u il’{y)}f2 li ( x i z )} 
= ie 3 fdxfdyf dzif(x) f 2 (x, z)S(z - y)S F (x - y) AivWiv) 

S’ 3 = ~ ie f dx f d y f dzrp(x)r'f (x, y, z)A tl (x)ip(y) 

= —e 3 fdxfdyfdzA tl (x) 

i{${x)Y[K x - z ) - K z - y)]<S>(® - y)YHy)\hA z , y) 

+ [if>{x)^S F (x - z)YS f {z - y)($y + 0j,)0(y )]/*»(*, y)} 

= -ie 3 fdxfdyf dzif(x) Ai x ) s i x ~ z )S F {z - y ) /i(z, y)if>(y). 

S' 4 = —ie fdxfdyf dzip(x)T 4 (x, y, z)A (7 {z)^{x) 

= —e 3 f dx f dy f dzip(x)(ft x + f) x )TrS F (z - y) f 1 (x,y)x 

SF(y - z) A( Z W( X ) 


Adding S[--- Si, 

S' = S[+ S' 2 + S' 3 + S' 4 = 0. 
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G.3 Quantum Chromodynamics 

Calculations on quark-quark scattering and quark self-energy are similar to those 
on electron-electron scattering and electron self-energy previously done. Here we 
will only carry out gluon self-energy diagrams and the first order correction of 
the quark-gluon vertex. The first order corrections of the three-gluon and four- 
gluon vertices contain up to three and four gluon propagators and thus are very 
complicated. We do not consider such vertices in this thesis. As a starting point 
general notations presented below need to be introduced. 

G.3.1 General Notations 

In order to shorten some mathematical expressions in quark-gluon (and gluon- 
gluon) vertices some notations are needed. ( Directed derivatives are still assumed 
not to act on /“* and /£*.) We define as an operator d£ that only acts 

on functions that contain index a. As an example we may write, for any functions 
F ab (x), G bc (x ) and H d (x), 

d(‘)»F ab (x)G bc (x)H d (x) = F ab (x)G bc (x)H d (x)di a > = F ab (x)d^G bc (x)H d (x) 

= F ab (x)G bc {x)d^H d (x) = [d^F ab {x)]G bc {x)H d (x). 

Thus di a ^ can be placed around functions F, G and H just like a number. We 
also define d^ a+b ^ = d^ M + d^ M . By this notation we can write d^ a+d ^F ab G be H d 
instead of d^F ab G bc H d + d^F ab G bc H d or [d»F ab ]G bc H d + F ab G bc [d> 1 H d ]. Notice 
that superscripts (a) in d W** and a in F ab signify different things. Unlike indices a 
there is no summation over repeated indices (a). Thus it is understood, for 
example, that = d^dffK Other notations: 

*£&(*) = v^^(d x ) 

= s'°[3£° - aw]«+- apy + g s °[aw _ aw]« 

= - [2g aa d^ 0 - g a0 d^ a - g 0a d^ a ] 

+[2g 0<r d^ a - - g a0 d^ a ] 
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Oxap — ^ x9&(3 &xadxf3 

A >( e ) n ( e )<7 

^'xct(3 x ®xct ' 

These identities follow immediately, 

vp$.)(&) = -^(4) 
i£3)(4) = v m *( 9 ‘) = <«>(4) 

= o<z+w - &*■<> 

= -[o<*+ J >™ - ow~] 

V<:&(4)/ < “W ,, (*)* ( ‘' ) (*) = V^(%)fU(x)J’\z)h<-*>(x) 

+0(surface terms) 

O xol<T G ab<rP (x, y) = 8 p a 8 ab (x -y) - x a (dx)~ 1 d^8 ab (x - y). 

The last identity is derived from identities 

/ dyaS( X ,y)G^(t,z) = £«“(* - z) 

in the FS gauge. Notice that here O xa<T 8 ab (x — y) = G~l ab (x,y). 

G.3.2 Truncated Diagrams 

The first four diagrams below are similar to those in spinor quantum electrody¬ 
namics. Therefore we can carry over the previous results to this case. The Feynman 
gauge propagator Gp^x, y)-terms in those diagrams will be included. ( F ) will 
stand for the corresponding diagrams that we are discussing but in the Feynman 
gauge. SQjh(x — y) = 8jkSp(x — y) is a quark propagator.Indices i and n will refer 
to external quark fields (Tj, • • • Ts refer to Figures 5.57,- • • 5.61). 

-ig- 2 YY in (x, y , z) = [-Y{T a )ijSQ jk {x - z)Y{T c ) k iS Q i m (z - y)Y(T b ) mn -\ x 

G“i(x,y) 

= ( F ) + (T a T b T c + if cbd T a T d )i n 

{-[•(?* + i)S F (x - z)YSf{z - y) fi b {x,y)-} 

-[• / 2 “ 6 (z, y)S F (x - z)YS f (z - y)(J y + $,)•]}. 
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-ig~ 2 T% n ( x , y, z) = lY(T a )ijS Qjk (x - z)'f(T b ) k iS Q i m (z - y)Y(T c ) mn -]x 

G ab a {x,z) 

= (F) + (T a T b T c ) in 

{-[•(& + i)S F (x - z) ff b (x, z)S F (z - y)Y-} 

-*[• /a 6 (*i*)K* - z) - % - z)\Sf(x - y)Y-]}- 

-i9~ 2 F3in( x ,y> z ) = h* l ( TC )ijS Q jk(x - z)Y(T a )kiS Q i m (z - y)Y(T b ) mn -]x 

G£(z,y) 

= (F) + (T a T b T c )i n 

{_i[. 7 f*[6(a; - z ) - 6(z - y)]S F (x - y) f? b (z, y)-] 
-[YSf{x - z) f% b (z,y)S F (z - y)(@ y + &,)•]}. 


-ig- 2 r? in (x,y,z) = 


[■r-](T*) in Gli(x,y) 

TT[S Qjk (z - y)Y{T b )kiS Q im(y - z)Y(T c ) mj \ 

(F) - \6 b ‘{T*) in [{? x + ?.)*] 

TtS f {z - y) fi b (x,y)S F {y - z)Y)- 


-id 2 r % n (x,y,z) = 


fcedy^d)^^ [Y{T% iSqj1 {x - y)r-](T b ) ln 
G%(x,z)Gf v (z,y) 

f^\ T a T b) in y{-,e4) a aP^ dz ^Y SF { X - y)Y ■] X 

[G5U*. *) + *) + ^/ 2 a „ e (*, *)] x 

y) + d< z 0 ftt(z, y) + d$fw(z, y)] 

fced^aTb^yi-^aa^Q^g^ _ y )^.] x 

+(4m ) /i“(®, 2 ) + d { z e Jf^(x, z))Gf p „(z, y) 
+G* e a (x, z)(d { fjffjz, y) + d$$f$(z, y))] 

(F) + AZ(x,y,z) + BZ(x,y,z) 
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with 


A%(x, y, z) = r\T a T% n V^ d ^{d,)[-YS F {x - y)Y-] x 
[di a ,}ffi(x, z) + d$f%{x, z^Gf^z, y) 
B%(x,y,z) = r ed (T a T b ) in V^ e ’ d ^(d 2 )lrS F (x - yfr^x 

v) + fy b Jf$(z, y))]Gl e a (x, z). 

Now 

A%(x, y, z) = f eei {T*T b ) in G% v {z, y) 

{[V(-' e ' d W{d z ) d <£][- fr(x,z)S F (x - y)Y-] 

+ hs F {x - vhv]f£(x,z)} 

= f ced (T a T b ) in Gf^(z,y ) 

{[Oi d+e W - 0^}[ f% e (x,z)S F (x - y)Y-] 
- V ^-' e ' d)aaP { d MPx + i)S F (x - y)r-]f£(x,z)} 

= f eed {T a T b ) in Gf 0v {z,y) 

{Oi d+e W[- f2 e (x,z)S F (x-y)Y-} 

_ v{ -,e4). a p {dz)[ .(j x + fc Sp ( x _ y)T*-]m{x,z)} 
_r d (T a T b ) in [G d Uz, y) - dff db v {z , y) - d^f db (z, y)] x 
0^[ f?(x,z)S F {x-y)r-} 

= / ced (T“r 6 ) in {Oi d + e )^G^ I/ (z, 2 /)[- fr(x,z)S F (x-y)Y-} 

_y(-^^ (d-) y« (a>z)G * + £) 5j?(jC _ y)7 *.] 

-0^/j(^y)[' -*/)(?» + ?y)'] 

-[• /r(x, - yJr-lK - z^dz)~^]S db (z - y)} 

B%(X, y , Z) = /ce<i( r a r 6). n y(-,e,<i)^/J( a2 )[. 7/ ,5 F ( iC _ y ff.] x 

[^J?/S(*| y) + dyjfwiz, y)]Gl e a (x, z) 

= / ced (r“T i ’) in {[y(-- e -< i )^(^)ag ) [.7^ F (x - y ) /*(*, y ).] x 

<%(*.*) 

_ y (- )e , d W ( ^ }[ . 7 ^ F(a; _ y)( fc + £).] x 

/$(*>?)££(*»*)} 
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= f ced (T*T b ) in {-Oi e + d )™[-rS F (x-y) ff b (z,yy]G a ; a (x,z) 

+[• 7 »S F (x - y) ff b (z,y)-]x 

[SI - - z) 

- V i-+M( dx )[^SF(x-y)(f y + fo-]x 
f$(*,v)G%*( x >z)}. 

Collecting terms we get 

-i<r 2 r§? n (*, y, *) = (F) + f ^(T a T b ) *<%*** x 

{G%„{z,y)[- fZ e (x,z)S F (x - y)Y-} 

-[■YS F (x - y) ff b (z,yy]Gl e p(x,z)} 

_fced( T a T bj inV (-,e,d)<T a P( dz } x 

{f?«( x , z )G% v (z,y)[ift x + fc)S F (x - y)Y-] 
+f 2 p(z,y)G a ° a {x,z)[-YS F {x - y)( ft y + $,)•]} 

_ f c ed( T a T b ) in0 jA°P f *( Zl y) X 

[■ f% e (x,z)S F {x -y)($y+ $,)■] 
+/ cerf (T a T 6 ) m [^ - 

{[• ff{x,z)Sp{x - y)Y-]S eb {z - y) 

+[-YS F (x - y ) /f ( 2 ,y)-](? ae (^ - rc)}. 

Also (see Figure 5.62) 

S - J nf'-(x, y ) = i/«~ (*, ») 

y)[3^/r/ («, y) + dfffil (*, y)] 

+[ 5 S/i c ^(®, y) + d^titix, yWAeix, y) 
+G Fp Ax,y)G e / xg (x,y)} 

= ( F) + \f ace f b/d {or [V ( -’ c > e) ^ A (5 x ) (g? x (x, y)ft{{x, y) 

~ G e / X< ,(x,y)ffi(x,yj) + 0^ x ff a {x,y)f 2 {{x,y)\ 
+0? [-VG'f>W'(d y ) (G%(x,y)f‘i(x,y) 

~ G e F f p9 (x, y)ftt{x, y)) + 0\/> e ffi{x, y)/'/(z, y)] 


158 



+y , 0 -,«)„A (ai) ((Sj,)-' atfs^x - !,)) 

- ffi{ x ,v) {(9y)~'d'p6‘ I (x - y))] 
+x»V<-'M"‘°(d t ) [/£(*, y) ((dx)-'d ( j6‘'(x - y)) 

- ftl( x ,y) ((fc) _1 aS^"'(x - 1 /))] 

-2V<-^‘“-Hd,)fi((x,y)6 ci (x - y) 

+2 0-.W)-a»( a s )/^(x, - y) 

-2 . 

The last term can be written as 

Oy> 6 0^ftl{x,y)f£{x,y) 

= 8 cd 8^[(0^f 2p (x,y))(x^y, p ~ v)} 

= * cd t ef {(°*<T - «) [□- 1 i p (d*)" 1 tf(® - y) 

- \n- 1 d xp x 2 {dx)- 2 8{x - y)] (x <-► y, p <-» i/)} 

= ^t/' / [(5x) -1 ^ cd (a; - y)][{dy)~ l 8 eS (x - y)] 

-x tl {dx)~ 1 8 cd {x - y)][0~ 1 dy8 e ^(x - y)] 

-y v {{dy)~ 1 8 eS (x - y)][nj 1 5^ cd (x - y)] 

+PZ 1 d^8 cd (x - t/)][a~ 1 3^ e/ (z - y)]. 

The d£dy- term is equivalent to the ghost diagram [x y] in the Lorentz gauge. 
Further, the third term from the last of n“ 6,11/ (x, y) can be written as 

- V ( -' c 'e)^{ dx )r 2 {{x,y)8 cd {x - y) 

= [( 2 Y v d^ )x - g uX di c)li - g^d^) - ( 2 - g^dfi* - g uX d^^)\ 

f2\( x *y) sed ( x - y) 

= [-2<T+ g^dW* + g^d^fli (x, y)8 cd (x - y) 

[- 2 <^ 0 (/)a + g »x d (fb + g x *dy>\f[{{x,y)8 ci (x - y) 

[ 2 '.g^dW - g vX d^ - g^d\f>]f 2 {{x, y)8 c \x - y) 

[- 2 g^d^ + g^dW + g^d^fli(x, y)8 cd (x - y ). 

Therefore 

_ v( - A .)^ di) ^ x y)S ci (x _ „) + V^M^9 y )rA(x,y)S a (x - y) 

= - 9 rX ap“ - (x, y )(px - y ). 
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The final form of II“ fc/ll/ (x, y) is 

Ilf^x, y) = ( F) + (ghost) 

+±g 2 f ace f bfd {0™ [V(~^\d x ) (G? x (x,y)f 2 l(x,y) 

~ G F\a{x,y)f 2 d p ( x ,y)) + 0^ x fl d a (x,y)f 2 {(x, y)] 

+0? [~V(-'fW*(d y ) (G c p d (x, y)fiff (x, y) 

~ G e / pe (x, y)ft d a (x, y)) + 0 G > 9 ff p (x, y)/“/(x, y)] 

+V v [vG^\d x ) (r 2 {(x,y)(dy)-'d<$8<*(x - y) 

- fZpfei y){fiy)—^d\f\8 e J(x - y )) 

+2 ((dy)~H^(x - y))D-'d28 cd (x - y) 

- x tl ((dx)~ 1 8 cd (x - y))(dy)~ 1 8 Ef (x - y)] 

+x » [ V GJ4)^ {dy] (fl d ( x ,y)(dx)-'d§8‘l(x - y) 

~ fie{ x ,y)(9x)~ 1 di c j8 cd (x - y)) 
+2((dx)~ 1 8 cd (x - y))0~ 1 dy8 e} (x - y) 

- y u ((dx)~ l 8 cd (x - y))(dy)~ 1 8 ef (x - y)] 

+2 [2<r0</> A - g^dG)^ - g^d^lf'iix, y)8 cd (x - y)} 

where (ghost) in IT“ f ' /i,/ (x, y) equals 

(ghost) = g 2 f ace f bdi [n~ l d^8 cd (x - y)\[U-'%8*!(x - y) 


The contribution of the four-gluon vertex is (see Figure 5.64) 

nt(x, y) = y) 

= \g 2 [f eab f ecd (g^vo - gfi<7gup) + f eac f edb (g^gu P - g^g pa 

+ feadfebc( g ^ g ^ _ X 

(x, y) + 0'/f (x, y) + d£/£(x, y)]6 crf (x - y) 

= ( F ) + \g 2 f ace f b}d [gu\d$ + gpxdW - 2g tll/ dy i x + g^djfi 

+g**9$ - 2gpvdy\]f2 fX (x,y)8 cd (x - y) 

= (F) 

+g 2 f ace f bfd [-2g fi ud { y { ) + g v xdjff + gx,d$]tf\x, y)8 cd (x - y). 
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Summing, 


n^fx, y) = nf “-(x, y) + nf-'fx, ») 

= ( F ) + ( ghost)+ 

y) + OfHf;‘"(y, x) 
+y'H? ll ‘(x,y) + x'‘H?‘ 1 ‘(y,x)] 

where 

Hl d a eftl {x, y) = Oi e ^ x fg(x, y)f 2 ((x, y ) 

+f (-,c. )w a (d x )[G%(x,y)ti{(x,y) - G e Aj£(x,y)} 
H? eftl (x,y) = Vl-**"*(a,)\f&(x iy )(dy)- i^(x - y) 

-/aJ( x »»)(^) _1 ^A^ e/ (* - 2/)] 
+2[(%)- 1 <5 e/ (a; - y)]D“ 1 ^5 c<i (x - y) 

-x / *[(9x) _1 5“ i (® - y)][(dy)~ 1 S ef (x - y)]. 

The term ( F ) + (ghost) above is nothing but the gluon self-energy U'^ 111 '(x, y) in 
the Feynman gauge. From H ab,l ‘ / (x, y) we obtain (see Figure 5.65) 

r&nfc.y,*) = T b ? tn (x,y,z) + T bl ' 2in (x,y,z) 

= ih e -]G™(z,x)n ab ^(x, y )(T°) in 
= ( F ) -f (ghost) 

H-YKT’UdgflZiz,*) + dSf^(z,x))U ab ^(x : y) 

Hg 2 f ace f bfd h^(T a ) in G^(z,x)x 

[0?H! d ; f %x, y) + O^Hl d ; iv (y, x) 

+y‘'H? eff '(x,y) + x»H? ef,, (y,x)\ 

= ( F ) + ( ghost)+ 

+*'[-7‘-](r') i 4aW/,“(^x)+9W/i“(x,x)]n?'“'(x,y) 

+!sV""/ W [-7'-](7 , %G"(x, x) x 

[Ojrffif •"(X, y) + OTHg'^y, x) 
+!/ '/f 2 "'''»(x > !,) + x»ff 2 “ , ' / -( ! ,,x)] 
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= ( F) + ( ghost)+ 

{d^l/rjz, x)JP^(x, v)} 

+«»[«(*. *)n?-(x,»)] - m(z,x)d x ,nf'“'(x,y)} 

+i S 2 /““/ W [-7'-Kr*).„G“(ir,x)x 

y) + 0? x) + y-fij^x,y)]. 

Since the inner vertex is represented by the x variable, the term 

is just a surface term that may be discarded. The term containing a factor 

vanishes because the gluon self-energy in the Feynman gauge is transverse. Thus 
we get 

r 6in0*b y , 2 ) = (-F) + + ih e -}(T s )i n d zt f(i(z, x)n a6/ii/ (x, y ) 

+y 2 f ace f bfd [-l t -}(T s )inG s c ;{z,x)x 

[0?Hg'*(x t y) + 0'?H?; Sv {y,x) + y^H^^y)). 


G.3.3 On-shell Diagrams 

Vertex corrections (Figures 5.68-5.71) 

Si = ig fdxfdyf dz$i(x) T^x, y, z)A c a (z)rj> n (y) 

= (F) - g*(T a T b T c + if cbd T a T d )i n fdxjdyfdz 

{-$i( x )(& + ?x)S F (x - z) /4 c (z)S F (z - y) f? b (x,y)i> n (y)\ 
-$i( x ) f5 b ( x ,y)S F (x - z) fi c {z)S F {z - y)(ft y + fc)il> n (y)]} 
= (F) - ig 3 (T a T b T c + if cbd T a T d ) in / dx f dy J dz 

{[^,(®)d(x - z) /\ c (z)S F (z - y) fi b (x,y)ij; n (y)\ 

-$i( x ) fi b ( x ,y)s F (x - z) A c (z)t(z - y)V’n(y)]}. 
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S 2 = ig f dx f dy f dz^ i (x)T c 2 ,/ in (x,y,z)Al(y)r{) n (y) 

= (F) - g 3 {T a T b T c ) in fdxfdyfdz 

{-$i(x)(fl x + fi x )S F (x - z) f? b (x,z)S F (z - y) A c (y)4> n (y)\ 

f% b (x, z)[S(x -z)- 8{y - z)]Sf(s - y) A c (y)^n(y)]} 
= ( F ) - ig 3 (T a T b T c )i n fdxfdyfdz 

f 2 b (x,z)8(y - z)S F (x - y) A c (y)^n(y)- 


S 3 = ig f dx f dy f dz^ i {x)T c 3 1 n (x,y,z)Al(x)i; n (y) 

= (F) - g 3 (T a T b T c ) in fdxfdyfdz 

{-i[ipi(x) / 4 c (x)[^(a; -z)- 8{z - y)]S F (x - y) /“' \z, y)i> n {y)} 
~$i( x ) A c ( x )S F ( x ~ z) ft b (z,y)S F {z - y)(@ y + # y )Vv(2/)]} 
= (F) + ig 3 (T*T b T c ) in fdxfdyfdz 

tl>i(x) A c ( x )t( x - z)S F (x - y) f? b (z,y)il> n (y). 


S 4 = igfdxfdyf dzip^T^x, y , z)A c a (z)^n(y) 

= (F) + y 3 8 bc (T a ) in fdxfdyfdz 

V\-(z)(K: + ftx)ifr n (y)TrS F (z - y) fi{x,y)S F (y - z) A°(z) 
= {F) + \g 3 8 b \T*) in fdxfdyfdz 

4>i( x )(K r + 0 x )i>n{y)TTS F (z - y) f? b {x,y)S F (y - z) A c (z) 

ms 


s 5 = 


ig fdxfdyf dziji^Y^x, y, z)A c Az)^) n {y) 

( F ) - g 3 r d (T a T b ) in fdxfdyf dzA c c (z)Oi d + e W 
{GfpA 2 , y)4>i( x ) f?{ x , z)S F (x - y)Y^ n (y) 
-Gl e 0 {x, z)^i{x)YS F {x - y) ff(z, y)rj> n (y) 
-fia( x ^ z )^i( x )(K + ft*)S F (x -y) ff{z,y)^ n (y)} 
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+g 3 f ced (T*T b ) in fdxfdyf dzA c a (z)V(-< e ^(d 2 ) x 

{/“«(*> z )Gf v { z , yj$i( x )(h + &*)Sf(x - y)Y^M 

-ftt(y, z )Gfv{ z , x )$i( x )YS F { x - y)(fiy + @y)lpn(y) 

+fla( X ^ Z )ffp( Z ^y)^i( X )A + 0s)Sf(x - y)(Pv + ?»)^n(y)} 
+g 3 f ced (T a T b ) in fdxfdyf dzA%(z)0 ^x 

{/$(*> y)^(*) ft e ( x , z )SF{x-y){K+ ?»M»(y) 
-/$(*»*$.■(*)(& + &)&■(* - y) /“(*>y)^n(y)} 
-g 3 f eed (T*T b ) in fdxfdyf dzA%[z ) 

{-&(*) f% e (x,z)S F (x - y)Yi>n{y)S db {z - y) 

+$i(x)'fS F (x - y) f db (z,y)ip n (y)8 ae (z - y)} 
+^/- d (r a r fe ) in fdxfdyf dzAl(z)*'dj$ 

{?,(*) ft d { x ,z)S F (x - y)Y^n{y){dz)~ 1 8 eb {z - y) 
Affi{x)YS F {x - y) f db {z,y)il> n {y){dz)- 1 8 ae {z - s)} 

= (F) - g 3 f ced (T a T b ) in fdxfdyf dz{[O^A^(z)]Af de (x, y, z) 

+z"A‘(z)B abde (x,y,z )} 

-g 3 f ced (T a T% fdxfdyf dzA c a (z)V(~' e ’ d ^(d z ) x 
{2 ifiZ(x,z)G$,(z,y)i/> t ( x )6( x - y)Y^n(y) 

-iff, S(*i^)/$(^y)?i(®)(?* +im)S(x - y)ip n (y)} 
+g 3 f ced {T a T b )i n fdxfdyf dzA%{z)0^ x 
2*'/§(«,y)^i(*) f^ e ^y x i z)8(x - y)xfn{y) 

-g 3 f ced {T a T b ) in fdxfdyf dzA%{z) 

{~ipi( x ) ft e (x, z)S F (x - y)Yij> n (y)8 db (z - y) 

+$ i {x)YS F (x - y) f db (z,y)rp n (y)8 ae (z - z)} 
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= ( F ) - g 3 f ced (T a T b ) in fdxfdyf dzA%{z)V^ d ^{d z ) x 

{ 2 »/ 5 (*. z ) G $i( z , y)^i(x)S(x - y)Y^n(y) 

-*fiZ(x>z)f${ z iV)$i(*)(9* +im)6(x - y)^ n (y)} 
+g 3 f ced (T a T b )i n fdxfdyf dzA%{z)OP*‘ > x 
2*^J(ar, y)$,(®) / 2 "(*, - y)^n(y) 

-g 3 f ced (T a T b ) in fdxfdyf dzA%(z) 

{-0,(x) ft e {x,z)S F {x - y)Y^n(y)h dh (z - y) 
+^,(x) 7 ct S' f (x - y) /f (z,y)xj> n (y)8 ae (z - x)}. 


In reaching the above result, we use the free field equation 

of AM = (□,*"’ - 

= -j*(z) - ^(dz)-'a, ■ j'(z) =° o 

and the gauge condition z°A c a (z) — 0. Above, 

Af de (x , y, z) = {Gf p „(z, yj$i(x) /“ e (x, z)S F (x - y)Y^(y) 
-Gl e p(x,z)~$i(x)YS F (x - y) /f (z,y)xp n {y) 

+if?a(x, z)tf i (x)8(x - y) f db (z, y)i>n(y)} 

B abde (x, y, z) = -fiW^(x) / 2 ad (z, z)S F (x - y)7^n(y)(5z)-^ e6 (z - y) 
+^.(x)7^5’ f (x - y) /f(z,y)V’n(y)(^)" 1 ^ ae (^ ~ y)}. 

•Se = ig fdxfdyf dztl>i(z)T% n (x, y, z) A* (y)^„(z) 

= ( F ) + (yhost)+ 

~g(T 3 )in fdxfdyf dzi; i (z)Y^n(z)A b l/ (y) x 

{d z£ / a “(z,x)n“^(x,y) + y 2 f ace f bfd G™(z,x)x 

[0 ;, H ^(x, y) + O^H{ d ; fv {y, x) + y-'flj^x, y)]} 

= (F) + (ghost) - g(T s ) in f dx f dy f dz 

{$i( z )& + ?z)il’n(z)]A b l/ (y)fi*(z,x)U. ab ' 1, '(x,y) 

+|y 2 /““/ 6/d ?.^)7^n(^)At(y)[Or G5(*, xMJSg^y, *)} 
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after recalling A(y) • y = 0 and Oy a A b v J =° 0. 

Now 

S 6 ^ ( F ) + (ghost) - \g 3 f ace f b ' d (T°) in fdxjdyf dzff^M^M x 

[£f + x a (dx)~ x d Z( \8 aa (z - x)H{i elv (y,x) 

= (F) + (ghost) - i^^i^fdxfiyfdzH^^^Ai^x 
ip i (z)['y a 8 3a (z - x) - $i(z)($ z + ^ 2 )s ff (3rc) _1 ^“(z - *)]^„(*) 

= (F) + (flffeos<)+ 

- \g*f ace f bSd (T s )in fdxfdyf dzt i (zyfM*)AiW a {* ~ x )* 

- Gjr. A (*,»)/g(*,I()] 

+0<' , -V|{ (». x)fit(x, y)} 

= (F) + (^/io5it)+ 

-lg 3 f ace f b/d (T% fdxfdyf dzJiiz)yrf> n (z)Ai{y)6 sa (z ~ *) x 
{V<--">"”($,)[G£ (x, y)/f{(x,»)+ 

-(GJi(*.») - »))/!?(*> v)] 

+0^ A /2» (*>*)/»(*.»)} 

= (F) + (g/io.st)+ 

-igSf°''fV\T‘) i „fdxJJyJdzff i (z)YM*)Al(v)6-‘(z - i)x 
[ V (-AO«*»(^ ) (G^( a .,,)^(,,„) - G^(x,»)^(x 1 »))+ 
_( 0 W/)-p _ OM»)^(x,»))^x,,) + *)/£(*,»)] 

_y<-^>«* (<W £ W [ ( £ +iro)«~(x - *)]£{(*, ,)#(*, y)At(s,)} 

= (J 7 ) + (ghost) - \g s S' m f b,i (T‘)i„ JdxfdyJ dzf s (z) x 

{2t' 4(»)«“(* - ^-"^ftieSfx, »)yj[(x,») 

+ 27 ‘ , At(!/)iS'“(x - z)Ojf , '"fZl(x,y)fg(x,y) 

_y(-Af)+tm)£’“(x - z)]fu(x,y)ftf(z,y)A b (y)}if>„(z). 
The group factors can be combined as follows, 


yace jbfdjisfjsaficdfief _ 2iT e T° f b * d 8° d 8 e * = 2iT a T°f b * d 8° d <5“^ 
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Hence 


S 6 = (F) + (ghost) - ig 3 f b ' d (T a T') in f dx f dy f dz^(z) x 
{2YAl(y) 6 (x - z)V^ d ^ p \d y )Gf p (x,y)f^(x,y) 

+2^ Ai(y) 6 (x - z)OM vp fil(x, y)f? p (x, y) 

-V^-' d ' s ^ p \d y )[(% +im)S(x - z)]fi[(x,y)f^(z,y)A b ll (y)}^ n (z) 

= ( F ) + (ghost) - ig 3 f ced (T a T b )i n f dx f dy f dzA c a (z)jp { (x) x 
{-2V(~’ e ’ d ^(d z )S(x - y)YGf„(z,y)f£(x,z) 

+2 6(x-y)0^ f?(x,z)f db (z,y) 

_y(-,e,d)<r a p( d 2 )^p y - im) 8 (x - y)\f?*(x, z)f db p (z,y)}f> n (y). 
Thus we obtain in all 

S = Si + 1 S 2 + S 3 + 54 + S 5 + 56 

= (F) + (ghost)+ 

—ig 3 (T a T b T c )i n fdxfdyf dz$i(x) 

{S(x - z) /4 c (z)S F (z - y) ff b (x,y)+ 

~ f 5 b ( x ,y)S F (x- z) /\ c (z) 6 (z-y ) 

+ f 2 b ( x , z)$(y - z)S F (x - y) A c (y)+ 

- A c ( x ) s ( x ~ z)S F ( x - y) fi b (z,y)}^ n (y) 

-g 3 f ced (T a T b ) in fdxfdyf dz^( x )A c a (z) 

{- 7 °S F (z - y) /f (x,y) 6 ae (x - z)+ 

+ / 2 e ( x ,y)S F (x - z)YS db (z - y)+ 

+ 6 °e(x-z)yS F (z-y) f db (x,y)+ 

- 2 iS(x - y) 0 < d W ft e ( x ,z)f? p (z,y)+ 

+2 i V (-^'°P( d Af£( Xt z)rG$,(z,y) 6 (x - y)+ 

- 6 db (z - y) f% e (x, z)S F (x - y)Y+ 

+ iV(-,e,d)^( d 2 )fae( x ^ *)/*(*, y )[( ^ _ im)S ( X - j,)] 

-2iV(~’ e ’ d ^(d z )S(x - y)YGii(z,y)f£(x,z)+ 

+2iS(x - y)Oi d W f% e (x, z)f d p (z,y) 

-iVG^ d )™0(d z )[(fiy -im)S(x - y)]fia( x , z)f$(z, y)}ip n (y) 

= (F) + (ghost). 
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Gluon self-energy (Figure 5 . 67 ) 


S= fdxf dyAl(x)A b u (y) U ab ^(x, y) 

= ( F) + ( ghost)+ 

\g 2 f ace f bId fdxf dyAl(x)Al(y) 

[O^Hi defti (x, y) + y v Hl d& 1 , 1 (x, y) + (x «-> y, // v)] 

= (F) + (ghost). 
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